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Abstract. We consider the Schrodinger Map equation in 2 + 1 dimensions, with values 
into § 2 . This admits a lowest energy steady state Q, namely the stereographic projection, 
which extends to a two dimensional family of steady states by scaling and rotation. We 
prove that Q is unstable in the energy space H . However, in the process of proving this 
we also show that within the equivariant class Q is stable in a stronger topology X C H 1 . 



1. Introduction 

In this article we consider the Schrodinger map equation in IR 2+1 with values into § 2 , 
(1.1) ut = u x Am, u(0) = uq 

This equation admits a conserved energy, 

E(u) = I I Vu\' z dx 



2 

and is invariant with respect to the dimensionless scaling 

u(t, x) — > u(X 2 t, Ax). 

The energy is invariant with respect to the above scaling, therefore the Schrodinger map 
equation in IR 2+1 is energy critical. 

Local solutions for regular large initial data have been constructed in [24] and [18]. Low 
regularity small data Schrodinger maps were studied in several works, see [1], [2], [3], [11], 
[12], [14], [15], [16], [19], [20], [21]. The definitive result for the small data problem was 
obtained by the authors and collaborators in [4]. There global well-posedness and scattering 
are proved for initial data which is small in the energy space H l . 

However, such a result cannot hold for large data. In particular there exists a collection 
of families Q m of finite energy stationary solutions, indexed by integers m > 1. To describe 
these families we begin with the maps Q m defined in polar coordinates by 

/if (r) 

Q m (r,9) = e meR Q m (r), Q m {r) = I o' I, m E Z \ {0} 



hf{r) 



with 



2r m r 2m — 1 
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Here R is the generator of horizontal rotations, which can be interpreted as a matrix or, 
equivalently, as the operator below 

/0 -1 0\ 
R = 1 , Ru = k xu 
\ / 

The families Q m are constructed from Q" 1 via the symmetries of the problem, namely scaling 
and isometries of the base space M 2 and of the target space § 2 . Q~ m generates the same 
family Q m . The elements of Q m are harmonic maps from R 2 into § 2 , and admit a variational 
characterization as the unique energy minimizers, up to symmetries, among all maps u : 
IR 2 — > § 2 within their homotopy class. 

In the above context, a natural question is to study Schrodinger maps for which the initial 
data is close in H 1 to one of the Q m families. One may try to think of this as a small data 
problem, but in some aspects it turns out to be closer to a large data problem. Studying this 
in full generality is very difficult. In this article we confine ourselves to a class of maps which 
have some extra symmetry properties, namely the equivariant Schrodinger maps. These are 
indexed by an integer m called the equivariance class, and consist of maps of the form 

(1.2) u(r, 9) = e mm u{r) 

In particular the maps Q m above are m-equivariant. The case m = would correspond to 
spherical symmetry. Restricted to equivariant functions the energy has the form 

(1.3) E(u) = 7T f°° (\d r u(r)\ 2 + ^(uj(r) + u 2 2 (r))] rdr 



o 



Intersecting the full set Q m with the m-equivariant class and with the homotopy class of 
Q m we obtain the two parameter family Q™ generated from Q m by rotations and scaling, 

Q? = {QaX, a e R/2ttZ, A G Q^ A (r, 9) = e aR Q m (Xr, 9) 

Here Qo\ = Q m - Their energy depends on m as follows: 

E(Q™ X ) = 4nm := E(Q m ) 

The study of equivariant Schrodinger maps for m-equivariant initial data close to was 
initiated by Gustafson, Kang, Tsai in [7], [8], and continued by Gustafson, Nakanishi, Tsai 
in [9]. The energy conservation suffices to confine solutions to a small neighborhood of Q™ 
due to the inequality (see [7]) 

(1.4) dist^u, Q^) 2 = mf WQZx ~ "Ilk < E{u) - E(Q m ), 

which holds for all m-equivariant maps u : M 2 — > § 2 in the homotopy class of <2™ with 
< E[u) — E(Q m ) 1. One can interpret this as an orbital stability result for Q™. 
However, this does not say much about the global behavior of solutions since these soliton 
families are noncompact; thus one might have even finite time blow-up while staying close 
to a soliton family. 

To track the evolution of an m-equivariant Schrodinger map u(t) along we use functions 
(a(t),\(t)) describing trajectories in . One may be tempted to try to choose them as 
minimizers for the infimum in (1.4), but this choice turns out not to be particularly helpful. 
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Instead, we will allow ourselves more freedom, and be content with any choice (a(t),X(t)) 
satisfying 

(1.5) \\u-Q^ m \\ 2 Hl <E(u)-E(Q m ) 

An important preliminary step in this analysis is the next result concerning both the local 
wellposedness in H 1 and the persistence of higher regularity: 

Theorem 1.1. The equation (1.1) is locally well-posed in H 1 for m-equivariant initial data 
u in the homotopy class of Q" L satisfying 

E(u)-E(Q m ) < 1 

If, in addition, u G H 2 then u G LfH 2 . Furthermore, the H 1 fl H 2 regularity persists for 
as long as the function X(t) in (1.5) remains in a compact set. 

This follows from Theorem 1.1 in [7] and Theorem 1.4 in [8]. Given the above result, the 
main problem remains to understand whether the steady states Q™ x are stable or not; in 
the latter case, one would like to understand the dynamics of the motion of the solutions 
move the soliton family. The case of large m was considered in prior work: 

Theorem 1.2 ([8] for m > 4, [9] for m = 3). The solitons Q™\ « r e stable in the H l topology 
within the m-equivariant class. 

In this article we begin the study of the more difficult case m = 1, and establish a very 
different type of behavior. The soliton Q 1 plays a central role in our analysis, which is why 
we introduce the notation Q := Q l . Since equivariant functions are easily reduced to their 
one-dimensional companion via (1.2), we introduce the one dimensional equivariant version 
of H\ 

(1.6) WfWli = WWhw + IKVlliw 11/112,1 = WfWli + 

This is natural since for functions u : M 2 — > M 2 with u(r, 9) = e 9R u(r) we have 

||m||^i = (27r)3||«||^i, \\u\\m = (27r)*||u||fli. 
For our main result we introduce a slightly stronger topology X with the property that 

(1.7) HlcXcHl. 

This is defined in Section 4 in terms of the spectral resolution of the linearized evolution 
around the soliton. In a nutshell, the X norm penalizes the behavior near frequency zero. 
Our first result below asserts that the soliton Q is stable in the X topology (which applies 
to Q). 

Theorem 1.3. Let m — 1 and 7 <§C 1. Then for each 1-equivariant initial data uq satisfying 

(1-8) ||«o-0||x<7 

there exists a unique global solution u so that u — Q G C(R; X) and 

(1-9) \\U - Q\\ C (R;X) < 1 

Furthermore, this solution has a Lipschitz dependence on the initial data in X , uniformly on 
compact time intervals. 
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We also refer the reader to Theorem 10.1 for a more complete form of this theorem. The 
above result holds true if Q is replaced by Q^xi which implies that the solitons Q l a X are 
stable in the X topology. However, our second result asserts that the solitons A are 
unstable in the H 1 topology: 

Theorem 1.4. For each e, 7 <C 1 and (a, A) so that 

(1.10) |a| + |A-l|«7 

there exists a solution u as in Theorem 1.3 with the additional property that 

(1.11) IKo)-g^ A ||^<e 7 

while (recall that Q = Q\\) 

(1.12) lim sup \\u-Q\\jji < |loge| -1 7 

t— >±oo 

We remark that, in view of (1.7), the solutions u in Theorem 1.3 must satisfy 

E(u)-E(Q l )< 7 2 

and they can move at most 0(7) along the soliton family in the sense of (1.5). For the result 
in Theorem 1.4 we consider a more restrictive class of solutions, for which 

\\u - Q\\x ~ 7 

while staying closer to the soliton family, (see (1.4)), 

(1.13) E(u) - EiQ 1 ) ^ e 2 ^ 

Thus by (1.5) the parameters (a(t),X(t)) are restricted to an 0{e r y) range for each t. On 
the other hand, (1.11) and (1.12) show that for the solution in Theorem 1.4 the parameters 
(ce(t), A(£)) vary by about 0(7) along the flow. 

We also remark that if in addition the initial data uq is in H 2 then by Theorem 1.1 the 
solution u remains in this space at all times. While we do not prove a uniform in time H 2 
bound, such an estimate seems nevertheless likely to hold for solutions as in Theorem 1.3. 

To better frame the context of this paper, one should compare the above results with 
results for the corresponding problem for the Wave-Maps equation in IR 2+1 with values into 
S 2 . The equivariant families of steady states Q™ are the same there, and they are also 
orbitally stable. However, in the case of Wave Maps all these steady states are unstable, 
and blow-up may occur in finite time for all m. We refer the reader to the results in [10], 
[23], and [22]. Of special relevance to the present paper are some of the spectral techniques 
developed in [10]; we further develop that circle of ideas in the present paper. 

Acknowledgments: The authors are grateful to Alexandru Ionescu, Carlos Kenig and 
Wilhelm Schlag for many useful conversations concerning the Schrodinger maps dynamics. 

1.1. Definitions and notations. We conclude this section with few definitions and no- 
tations. However, the reader should be aware that many objects are defined as the paper 
progresses; see Section 3 for all gauge elements and their equations, Section 4 for the Fourier 
analysis and related objects/spaces and Sections 5-6 for the functions spaces used in the 
analysis of the nonlinear problem. 
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While at fixed time our maps into the sphere are functions defined on M 2 , the equivariance 
condition allows us to reduce our analysis to functions of a single variable |x| = r £ [0, oo). 
One such instance is exhibited in (1.2) where to each equivariant map u we naturally associate 
its radial component u. Some other functions will turn out to be radial by definition, see, 
for instance, all the gauge elements in Section 3. We agree to identify such radial functions 
with the corresponding one dimensional functions of r. Some of these functions are complex 
valued, and this convention allows us to use the bar notation with the standard meaning, 
i.e. the complex conjugate. 

Even though we work mainly with functions of a single spatial variable r, they originate in 
two dimensions. Therefore, it is natural to make the convention that for the one dimensional 
functions all the Lebesgue integral and spaces are with respect to the rdr measure, unless 
otherwise specified. 

For the Sobolev spaces we have introduced H\ and H\ in (1.6) as the natural substitute 
for H l and H l . In a similar fashion we define if 2 and if 2 by the norms 

= \\ d rf\\h + \\r-%f\\b + \\r- 2 f\\h, \\f\\%, = wni* + WfWh 

as the as the natural substitute for if 2 and H 2 . 

For a real number a we define a + = max{0, a} and a~ = min{0, a}. 

We will use a dyadic partition of M 2 (or [0, oo) after the dimensional reduction) into sets 
{A m } m& given by 

A m = {2 m ^ <r< 2 m+1 }. 

We will also use the notation = U m< kA m as well as Ay^, A>j, which are similarly defined. 
Two operators which are often used on radial functions are [<9 r ] _1 and [r<9 r ] _1 defined as 

ft-rVOO = - / f{s)ds, [rd r }- l f{r] = - / -f{s)ds 

J r J r & 

A direct argument shows that 

(1.14) <pII/||lp, i<p<oc 

We also have a weighted version 

(1.15) |Hr<9 r ]-7!li> < P IKHlp, 1 < P < oo 

2 

assuming that g(r) = w(r)rp is an increasing function satisfying 

g(r) < (l-e)g(2r) 
for some e > 0. The proof is straightforward. 

2. An outline of the paper 

Due to the complexity of the paper, an overview of the ideas and the organization of the 
paper is necessary before an in-depth reading. 
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2.1. The frame method and the Coulomb gauge. At first sight the Schrodinger Map 
equation has little to do with the Schrodinger equation. A good way to bring in the 
Schrodinger structure is by using the frame method. Precisely, at each point (x, t) G M 2+1 
one introduces an orthonormal frame (v,w) in T u ( a , t )S 2 . This frame is used to measure the 
derivatives of u, and reexpress them as the complex valued radial differentiated fields 

ipi = d r u ■ v + id r u ■ w, i>2 — 9gU ■ V + idgu ■ w. 

Here the use of polar coordinates is motivated by the equivariance condition. Thus instead 
of working with the equation for u, one writes the evolution equations for the differentiated 
fields. The frame (v,w) does not appear directly there, but only via the real valued radial 
connection coefficients 

A\ = d r v ■ w, A 2 = 8qv ■ w, A Q = d t v ■ w. 

A-priori the frame is not uniquely determined. To fix it one first asks that the frame be 
equivariant, and then that it satisfies an appropriate condition. Here it is convenient to use 
the Coulomb gauge; due to the equivariance this takes a very simple form, A\ = 0. The 
construction of the Coulomb gauge is the first goal in the next section. In Proposition 3.2 we 
prove that for H 1 equivariant maps into § 2 close to Q there exists an unique Coulomb frame 
(v, w) which satisfies appropriate boundary conditions at infinity, see (3.17). In addition, 
this frame has a C l dependence on the map u. 

In the Coulomb gauge the other spatial connection coefficient A 2 , while nonzero, has a 
very simple form A2 = u%. We will also compute Aq in terms of ip\, ip2 and A2, 

(2.1) a = -I (Vr - \\h 2 ) + \rd; i \ (m 2 - ^2? 



2.2. The reduced field ip. Due to the equivariance the two fields ^1 and ip2 are not inde- 
pendent. Hence it is convenient to work with a single field 

= ipi — ir~ 1 ip2 

which we will call the reduced field. The relevance of the variable ip comes from the following 
reinterpretation. If W is defined as the vector 

W = d r u ux Rue T u (§ 2 ) 

r 

then ifj is the representation of W with respect to the frame (v,w). On the other hand, a 
direct computation, see for instance [8], leads to 

E{u) = 7i (jcU| 2 + ^\u x Ru\ 2 ^j rdr = tt\\ W\\ 2 L2(rdr) + 4vrm 

where we recall that u(r,8) = e meR u(r). Therefore ip = is a complete characterization of 
u being a harmonic map. Moreover the mass of ip is directly related to the energy of u via 

(2.2) V 1 2 = W h = — • 

7T 

A second goal of the next section is to derive an equation for the time evolution of 1/). This 
is governed by a cubic NLS type equation, 

(2.3) (id t + A - = (a - 2^ - V- 



In addition, we show that ip is connected back to (ip 2 , A 2 ) via the ODE system 



1, , ,0 „ , . . , 1 



(2.4) d r A 2 = ^i, 2 ) + -\^ 2 \ 2 , d r ^ 2 = %A 2 ^--A 2 ^ 

with the conservation law + 1^2 1 2 = 1- However, this does not uniquely determine (ip 2 , A 2 ) 
and, by extension, the Schrodinger map u as we are missing a suitable boundary condition. 

2.3. Linearizations and the operators H, H. This is the point in our work where we 
specialize in the case m — 1 and, for convenience, drop the upper-script m from all elements 
involved, i.e. use hi, h 3 instead of h\,h\, etc. 

A key role in our analysis is played by the linearization of the Schrodinger Map equation 
around the soliton Q. A solution to the linearized flow is a function 

u Un : M 2+1 -> T Q S 2 . 

The Coulomb frame associated to Q has the form 

v Q {B,r) = e m v Q (r), w Q (9,r) = e eR w Q (r) 

with 

v Q( r ) = » w Q( r ) 

V -hx{r) ) 

Expressing uu n in this frame, 

4>lin = (Uun, Vq) + i{uu n , Wq) 

one obtains the Schrodinger type equation 

(2.5) (id t - H)<p lm = 
where the operator H acting on radial functions has the form 

H = -A + V, V(r) = - 




On the other hand linearizing the equation (2.3) around the soliton Q, we obtain a linear 
Schrodinger equation of the form 

(2.6) {id t ~ H)ip Kn = 

where the operator H acting on radial functions has the form 

H = -A + V, v-( r ) = 2(i_/i 3 ( r )) 



The operators H and H are conjugate operators and admit the factorizations 

H = L*L, H = LL* 

where 

L = hidrhV 1 = d r H — -, L* = —h7 l d T hi = — d r H — . 

ry ry ry 

The linearized variables <f)u n and tpu n are also conjugated variables, 

(2.7) ip Hn = L(f) Un . 
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The operator H is nonnegative and bounded from H l to H 1 , but it is not positive definite; 
it has a zero resonance <fro, solving L<po = 0, namely 



This corresponds to the solution <f>n n for (2.5) obtained by differentiating the soliton family 
with respect to either parameter. A consequence of this is that the linear Schrodinger 
evolution (2.5) does not have good dispersive properties, a fact which is at the heart of our 
instability result. 

The above heuristic linearization argument works for all m, with the proper adjustments. 
We remark that if m > 2 then the zero resonance is replaced by a zero eigenvalue. If m > 3 
then this eigenvalue belongs to H~ l , which allows for a clean splitting of the H 1 space into 
an eigenvalue mode, which is stationary, and an orthogonal component, which has good 
dispersive properties. This leads to the stability results in [8], [9]. If m = 2 we expect results 
which are closer to the m = 1 case; this will be considered in subsequent work. 

If Q is replaced by Q a ,\ then H and H are replaced by their rescaled versions H\ and H\ 
where V and V are replaced by 

Vx = AV(Ar), V x = \ 2 V(\r). 

A first goal of Section 4 is to describe the spectral theory for the linear operators H and 
H . The analysis in the case of H has already been done in [10] , and it is easily obtained via 
the L conjugation in the case of H. The normalized generalized eigenfunctions for H and H 
are denoted by <j)g, respectively ip^, and satisfy 

H<f> ( = = e^, = e^. 

Correspondingly we have a generalized Fourier transform associated to H and a gener- 
alized Fourier transform J 7 ^ associated to H. 

This quickly leads to generalized eigenfunctions for the rescaled operators H\ and H\. A 
considerable effort is devoted to the study of the transition from one H\ frame to another. 
This is closely related to the transference operator introduced in [10]. 

One reason we prefer to work with the ip variable is that the operator H has a good 
spectral behavior at zero, therefore we have favorable decay estimates for the corresponding 
linear Schrodinger evolution (2.6). 

2.4. The X and LX spaces. As mentioned before, a stumbling block in formulating a 
closed evolution equation for ip is the need for some boundary condition in order to insure 
uniqueness for the system (2.4). This leads us to introduce a stronger topology X C H\ for 
u — Q, and therefore also for ■02 — ih\ and A 2 — h 3 . Then the relation (2.7) shows that studying 
the Schrodinger map equation in the space X corresponds to studying the if) equation (2.10) 
in the space LX obtained by applying the operator L to functions in X. 
Roughly speaking the space X is maximal with the following properties: 

(a) We have the embedding X C H\. 

(b) The X norm of u depends only on the the L 2 norms of the dyadic pieces of ThU. 

(c) The operator L is surjective on X. 
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Part (b) quickly implies a similar property for LX relative to the H Fourier transform 
Fjj. It also shows that the linear equations (2.5), respectively (2.6) are well-posed in X, 
respectively LX. 

One of the goals of Section 4 is to define the X and LX spaces. In particular we establish 
the embedding (1.7) for X, as well as a two sided embedding for LX, namely 

(2.8) L 1 DL 2 C LX C L 2 . 

We also establish some other simple properties of these spaces. 

A key gain due to the fact that we work in the smaller space X is that we can supplement 
the system (2.4) with a boundary condition at infinity, namely 

(2.9) lim A 2 = 1, ip 2 - ih G X. 

r— >oo 

This condition is preserved dynamically along the Schrodinger map flow. Together with 
(2.3), (2.4) and (2.1) it fully describes the dynamics of i/j. Most of the work in this article is 
devoted to the study of the evolution of i/j. 

2.5. The elliptic transition between u and its reduced field ip. Section 7 is devoted 
to the study of the elliptic gauge correspondence at fixed time between the map u and 
its associated reduced field ip. The main result there asserts that this map is a local C 1 
diffeomorphism from a neighborhood of the soliton Q in X to a neighborhood of in LX. 
As an intermediate step we prove that the system (2.4) with the boundary condition (2.9) 
yields a C 1 map from ip near in LX to (ip2, ^2) near (hi, h%) in X. 

2.6. The nonlinear Schrodinger equation for i/i: Take 1 [local]. The equation (2.3) 
can be rewritten in the form 

(2.10) (idt-H)rl> = Wrl>, W = A - 2 M ~ h - ^S(^). 

Ideally, one would hope to be able to solve this equation in the space LX by treating the 
right hand side perturbatively. This is acceptable for short time, and it provides us with a 
quick local theory. 

The first step toward this goal is achieved in Section 5 we consider the linear Schrodinger 
evolution (2.6) and prove Strichartz and local energy estimates. Based on these bounds 
we introduce function spaces l 2 S^ C L°°L 2 , respectively l 2 N^ D L 1 L 2 for L 2 solutions, 
respectively for the inhomogeneous term in the H Schrodinger equation. Corresponding to 
LX data we define similar weighted norms WS$ C L°°LX, respectively WN^ D L 1 LX. 

In the beginning of Section 8 we use these spaces and a short fixed point argument to 
prove small data local well-posedness for the equation (2.10) in LX. Unfortunately, such 
an argument no longer works globally in time; this is due to the failure of the local decay 
estimates for A2 — h%. While local decay estimates are valid for ip, they do not transfer to 
i> 2 - ihi and A 2 - h 3 via the ODE (2.4)-(2.9). 

2.7. The functions (a(t), X(t)). A primary goal of this article is to track the drift of 
Schrodinger maps along the soliton family. For this we need appropriate functions (a(t), X(t)) 
so that (1.5) holds. The role of (a(t), X(t)) is roughly to describe the low frequency oscilla- 
tions of the Schrodinger map u along the family of rescaled solitons. 

In the case m > 3 the parameter A is defined dynamically via an orthogonality condition 
with respect to the H eigenvalue appropriately rescaled (see [8]). Such a strategy cannot 

9 



work for m = 1, 2 as in this case 0o ^ i? -1 . Another alternative would be to choose a and A 
as the minimizers in the left hand side in (1.4). However the above minimizer plays no other 
role, and in fact it turns out that choosing it as the "closest" harmonic map to u(t) may not 
be the best choice for other analytical considerations, see [8] or [9]. 

In the context of this paper, it is technically convenient to make a choice for (oc(t), A(£)) 
which is expressed in terms of (if>2, A 2 ) instead of u. Precisely, we make a dynamic assignation 
of (a(t), A(t)) via the relation 

(2.11) A 2 (l,t) = h 3 (X(t)), fo(l,t) = ie fa W/n(A(t)) 

which for a soliton simply recovers the soliton parameters. The (small) price to pay is that 
we need to prove that (1.5) holds; we do this right away in the next section. The choice of 
r = 1 above is arbitrary; different choices of r lead to closely related functions A. 

2.8. The nonlinear Schrodinger equation for if>: Take 2 [global]. With A(£) defined 
as in (2.11), the equation (2.3) can also be rewritten in the form 

(2.12) (id t - H x )iP = W x ip, W x = A - 2 A2 ~ k * - ^(V>2# 

The advantage is that, for A defined as in (2.11), the ODE (2.4)-(2.9) allows us to transfer 
local energy decay estimates from if> to A 2 — as the latter vanishes now at r = 1 instead 
of infinity. This is achieved in Proposition 7.4. 

The price to pay is that we now need to understand the linear evolution 

(2.13) (id t -H x )if) = f 

in the space LX, with A depending on time. We expect A to stay bounded, but this is far 
from being enough. Instead we introduce a smaller space Z C L°° for A — 1, defined by 

Z = H^' 1 + W 1 ' 1 + (L 2 D L°°). 

Here the last component characterizes the high frequencies (which have good averaged de- 
cay), while the first two apply primarily for the low frequencies (and have little decay at 
infinity) . 

This is achieved in Section 6, where we consider the global in time linear Schrodinger 
evolution (2.13) under the assumption that A — 1 is small in the space Z . We construct 
function spaces WS"[A] C L°°(LX), respectively H^fA] D L 1 LX, incorporating also ap- 
propriate dispersive information, so that the following linear bound holds for solutions to 
(2.13): 

(2-14) \mwsHx]^W°)hx + \\f\\wNnx V 

Here A is a (somewhat arbitrary) regularization of A which essentially contains the low 
frequencies of A. 

Section 8 contains our global in time analysis of the nonlinear equation for ip. Precisely, 
we establish a bootstrap estimate for the H^S'fA] size of if). This is obtained by combining 
the linear bound (2.14) with an estimate for the nonlinearity, which has the form 

I|Wa^IIvwv«[a] ^ W^Wwsnxy 
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We remark that while we are able to prove a bootstrap estimate for solutions ip to (2.12), 
we cannot obtain estimates for the difference of two solutions. Hence we can no longer treat 
the nonlinearity perturbatively globally in time. 

In Section 9 we complement the above bootstrap estimate for ip with a bootstrap estimate 
for || A — l\\z - More precisely we show that we recover the regularity of the parameter X(t) 
from the WS^fA] regularity of i/j. 

Finally, in Section 10 we prove our main stability result in the X topology in Theorem 1.3. 
This is done via a bootstrap argument, which uses the bootstrap estimates on ip in VVS^A], 
respectively for A — 1 in Z , from the previous two sections. In addition, we use the results in 
Section 7 for the transition back and forth between the Schrodinger map u and its reduced 
field ip. 

2.9. The instability result. In the final section of the paper we prove the H 1 instability 
result in Theorem 1.4. For this we introduce a second small parameter e and look at maps 
u for which the reduced field ip satisfies 

The L 2 smallness allows for a better control of the nonlinear effects, and we are able to show 
that the ip flow is almost linear, 

ll^^-e^VWIUx^llogerS 

Taking this into account, for each (a, A) as in (1.10) our strategy is to choose an initial data 
Uq which coincides with Q x a A for r < e _1 and with Q = Q\ x for larger r, with a smooth 
transition in between. Then we are able to accurately track the Fourier transform of i/j 
for large t. The decay of the map u to an O^Q loge| -1 7) neighborhood of Q is equivalent 
to the decay of (a(t),\(t)) to an an 0(|loge| _1 7) neighborhood of (0,1), which in turn is 
a consequence of cancellations due to the oscillations in frequency for e ltH ip(0) as t grows 
large. 

3. The Coulomb gauge representation of the equation 

In this section we rewrite the Schrodinger map equation for equivariant solutions in a gauge 
form. This approach originates in the work of Chang, Shatah, Uhlenbeck [6]. However, our 
analysis is closer to the one in [3]. 

3.1. Near soliton maps. We first investigate some simple properties of maps u : M 2 — >• § 2 
which are near a soliton Q™ x in the sense that 

(3-1) !I«-^aII^<7«1- 

Lemma 3.1. Let m > 1 and u : M 2 — > S 2 be an m- equivariant map which satisfies (3.1). 
Then 

(3.2) lim -u(r, 6) = —k, lim u(r,8) = k 

r— >0 r— >oo 

and 

(3-3) \\r~ 1 {u-Ql x )\\ L * + \\u-Ql x \\ L < x >< 1 . 



n 



Proof. After a rescaling and a rotation the problem reduces to the case a = and A = 1. 
We rewrite the H l bound for u — Q m as in (1.3): 

(3-4) \\d r (u - Q m )\\ L * + \\r-\u! - h m )\\„ + Hr-^IU, < 7 

In particular for u 2 we have 

(3.5) \\d r u 2 \\ L 2 + ||r _1 u 2 ||i^ < 7 

By Sobolev type embeddings 

(3-6) H/IUoo < ||5 r /|U 2 + Ur-VlU* 



this implies that 
Furthermore, 



|«2||l°° ^ 7 



— |m 2 | 2 = 2u 2 d r u 2 £ L l (dr) 



dr 

therefore \u 2 \ 2 is continuous and has limits as r — >• 0, oo. In addition, these limits must be 
zero in order for the second left hand side norm in (3.5) to be finite. The same argument 
applies for u\ — h™. Thus we have proved that 

(3.7) ||w2||l°° + ||«i - h™\\ L ™ ~ 7; l im mi,m 2 = 

r— >0,oo 

To conclude the proof of (3.2) and (3.3) it remains to consider the vertical component u 3 (r). 
Integrating the bound 

R(%-/^)lb<7 

we obtain (as ^"(l) = 0) 

\(u 3 (r)-hf(r))-u 3 (l)\<^\ogr\^ 

The first part of (3.7) shows that |w3(l)| 2 < 7. Since 7 is small, it follows that u 3 (r) is 
negative for say r £ [|, |]. Since u 3 is continuous and, by (3.7), cannot vanish for smaller r, 
it follows that it stays negative for all r £ (0, |]. Thus for r < 1/2 we have 

«s(r) = -\A 

which by (3.7) implies that 



U3(r) = -a/1 - |ui| 2 - \u 2 \ 2 



Mr) - hf{r)\ < 7, r < -, limu 3 (r) = -1. 

2 r-M) 

The same argument applies for r > 2, where u% is positive. Integrating its r derivative from 
either side we recover the pointwise bound for u 3 — h™ for r £ [|, 2] and obtain 

Ifa-Wh- <7 

Finally, we consider the L 2 bound for u 3 — h™. Due to the pointwise bound, it suffices to 
consider r close to and to infinity. In either case we use the equation of the sphere to write 

i« 3 -^i<i«i-/in + i^i 

and conclude by (3.4). □ 
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3.2. The Coulomb gauge. We let the differentiation operators do, d±, 82 stand for dt, d r , dt 
respectively. Our strategy will be to replace the equation for the Schrodinger map u with 
equations for its derivatives d±u, d^u expressed in an orthonormal frame v,w G T U E> 2 . To fix 
the sign in the choice of w, we will assume that 

U X V = w 

Since u is m-equivariant it is natural to work with m-equivariant frames, i.e. 

v = e m9R v{r), w = e m6R w(r). 

Given such a frame we introduce the differentiated fields ip k and the connection coefficients 
A k by 

(3.8) ipk = d k u ■ v + id k u ■ w, A k = d k v ■ w. 

Due to the equivariance of (u, v, w) it follows that both ijj k and A k are spherically symmetric 
(therefore subject to the conventions made in Section 1.1). Conversely, given ip k and A k we 
can return to the frame (w, v, w) via the ODE system: 

{d k u = (Jftip k )v + ($si/) k )w 
d k v = -{^ k )u + A k w 
d k w = -($sip k )u - A k v 

If we introduce the covariant differentiation 

D k = d k + iA k , fee {0,1, 2} 

it is a straightforward computation to check the compatibility conditions: 

(3.10) D^ k = D k ^ h l,k — 0, 1, 2. 
The curvature of this connection is given by 

(3.11) D l D k - D k D t = d t A k - = 3(#/S fe ), l,k — 0, 1, 2. 

An important geometric feature is that ^2,^-2 are closely related to the original map. Pre- 
cisely, for A 2 we have: 

(3.12) A2 = m(k x v) ■ w — mk ■ (v x w) = mk ■ u = mu^ 
and, in a similar manner, 

(3.13) ip 2 = m(w 3 - iv 3 ) 

Since the (u,v,w) frame is orthonormal, the following relations also follow: 

|V> 2 | 2 = m(u\ + u\), \^ 2 \ 2 + Al = m 2 

Now we turn our attention to the choice of the (v, w) frame at 9 = 0. Here we have 
the freedom of an arbitrary rotation depending on t and r. In this article we will use the 
Coulomb gauge, which for general maps u has the form div A = 0. In polar coordinates this 
is written as diA\ + r -2 ^^ = 0. However, in the equivariant case A2 is radial, so we are 
left with a simpler formulation A\ = 0, or equivalently 

(3.14) d r v ■ w = 
which can be rearranged into a convenient ODE as follows 

(3.15) d r v = (v ■ u)d r u — (v ■ d r u)u 

13 



The first term on the right vanishes and could be omitted, but it is convenient to add it so 
that the above linear ODE is solved not only by v and w, but also by u. Then we can write 
an equation for the matrix O = (v, w, u): 

(3.16) d r O = MO, M = d r u/\u:=d r u®u-u®d r u 

with an antisymmetric matrix M. 

An advantage of using the Coulomb gauge is that it makes the derivative terms in the 
nonlinearity disappear. Unfortunately, this only happens in the equivariant case, which is 
why in [4] we had to use a different gauge, namely the caloric gauge. 

The ODE (3.15) needs to be initialized at some point. A change in the initialization leads 
to a multiplication of all of the tp^ by a unit sized complex number. This is irrelevant at fixed 
time, but as the time varies we need to be careful and choose this initialization uniformly 
with respect to t, in order to avoid introducing a constant time dependent potential into the 
equations via Aq. Since in our results we start with data which converges asymptotically to 
Q as r — > oo, and the solutions continue to have this property, it is natural to fix the choice 
of v and w at infinity, 

(3.17) lim v(r,t) = i, lim w(r,t) = j 



r— >oo 



Before considering the general case we begin with the solitons. The simplest case is when 
u = Q m when the triplet (v, w, u) is given by 

/ hf{r) hf{r) 

(3.18) (V m ,W m ,Q m ) = 1 ' 

\ -h™{r) hg(r) 

If m = 1 we drop the superscript m. More generally, if u = Q™\ then from the above, by 
rescaling and rotation, we obtain the corresponding triplet (V^\, W™ x , Q™ x , ) of the form 

(h™ (Ar) cos 2 ma + sin 2 ma (h™(\r) — 1) sinma cosma h™(\r) cos ma^ 
[h™(\r) — 1) sin ma cos ma h™(\r) sin 2 ma + cos 2 ma h™(\r) sin ma 
—h™(\r) cosma —h™(\r) sin ma h™(\r) 

For later reference we also note the values of ipi, ip2 and A2 in this case: 

^a,i = -mr- l K?{\ry ma , ^a,2 = ^(Ar)e imQ , 

To measure the regularity of the frame (v, w) we use the Sobolev type space Hq of functions 
/ : M 2 ->■ R 3 , with norm 

\\f\\ Hh = WW* + II/1U- + l|r-7s||L», f(r,0) = e meR f(r) 

The next Lemma shows that the initialization (3.17) is well-defined for arbitrary maps u 
close to the soliton family: 

Proposition 3.2. a) For each m- equivariant map u : R 2 — > § 2 satisfying (3.1) there exists an 
unique m-equivariant orthonormal frame (v,w) which satisfies the Coulomb gauge condition 
(3.14) and the boundary condition (3.17). This frame satisfies the bounds 

(3.20) \\v-v^ x u h + \\w-w^ x U h <r 

b) Furthermore, the maps u — > v,w are C 1 from H 1 into Hq as well as from L? — >■ L? . 
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Proof, a) To construct the Coulomb gauge we use the equation (3.15). The right hand side 
is linear in v and has locally integrable coefficients, therefore by prescribing v at r = 1 we 
obtain a unique solution. Also, if the relations 

(3.21) M 2 = l, u-v = 

are enforced at r = 1 then they are preserved along the flow. We claim that the limit of v(r) 
as r — > oo exists. For v 2 and v 3 this follows from 

II drVj || L!(dr) ^ ||5r^||L2( rdr )||r~ 1 nj|| i 2( r . (ir ), j = 1,2. 

On the other hand lrnv^oo v 3 = by orthogonality due to the relation (3.2). 

Once we have one solution v to (3.15), a second one is obtained by w = u x v. Since (3.15) 
is linear, it follows that all its solutions are obtained from the initial one by a rotation of 
a fixed angle in T U E> 2 . This proves the existence and uniqueness of the desired frame (v,w) 
which satisfies the boundary condition (3.17). 

We next prove the pointwise part of the bound (3.20). From (3.15) we obtain 

d r v 2 = - (y ■ d r (u - Q m )) u 2 -(v- d r Q m )u 2 

Hence using (3.1) we estimate H^r^Hi 1 ^) ^ 7; which after integration shows that \v 2 \ < 7. 
Since we also have |u 2 | < 7, it follows that \w 2 — 1| < 7 2 - This in turn shows that |wi| + |u» 3 | < 
7. Then the pointwise bounds for V\ and v% are easily obtained since v = —u x w. 

Next we consider the L 2 bounds for d r v and d r w. The easy case is that of v 2 and w 2 , for 
which by (3.15) we have 

||<9r^2||L 2 (rdr) + || 9 r W 2 \\ L 2 {rdr) ^ 1 1 9 r U 2 \\ L 2 (rdr) ^ 7 

For v\ we write 

d r {v x - h™) = (y ■ d r {Q rn - w))«i - (v ■ 9 r Q m )(n! - h[ n ) + {{V m - v) ■ d r Q m )h™ 

For the first term we use (3.15) while for the remaining terms we use the pointwise bounds 
in (3.3) and (3.20) for u\ — h™, respectively V m — v. The same argument applies for v^, w\ 
and w 3 . 

Finally, we prove the L 2 bounds for ^ 3 and w^. This is done in a roundabout way using 
the orthogonality of the (u, v, w) frame. For ^3 we have 

|w 3 | = \u1V2 - u 2 vi\ < \ui - h" l \ + h™\v 2 \ + |n 2 | 

and we conclude using the L 2 bounds in (3.4) for u\ — h™ and u 2 as well as the pointwise 
bound for v 2 in (3.20). Similarly, for v 3 we have 

\v 3 + K\ = |witD 2 - M 2 ^i + K\ < \u x - h%\ + h™\w 2 - 1| + \u 2 \ 

and we conclude as before. The proof of (3.20) is complete. 

b) We now prove that the map u — > v is C 1 from H 1 to H\,. Given an interval / we 
consider a one parameter family of maps u : I x M 2 — > § 2 which are smooth in all variables 
and agree with Q m for large r. Then by ODE theory applied to (3.15) it follows that v and 
w are smooth in all variables away from r = 0. The main step is to establish the uniform 
bounds 

(3-22) \\d t v\\ Hh < \\dtu\\ H1 
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Having this, the transition to more general maps u G C 1 (/;-ff 1 ) is done via a standard 
density argument, which is omitted. We remark that the H 1 convergence for u and the 
Hq convergence for v,w suffice in order to insure that the ODE (3.15) and the boundary 
condition (3.17) survive in the limit. 

To prove (3.22) we differentiate (3.15) with respect to t to obtain an ODE for the covariant 
time derivative of v, 

z = d t v + {v ■ d t u)u 

We obtain 

(3.23) d r z = (z ■ u)d r u — (z ■ d r u)u + /, z(oo) = 
where 

/ = (d r v ■ d t u)u + (v ■ d t u)d r u — (v ■ d r u)d t u 
For dtu we use the following bound: 

(3.24) \\d t u\\ L ^ + ||r _1 ^n|| L 2 < ||o^«||^i 

For d t U\ and d t v,2 this follows directly due to the form (1.3) of the H l norm for equivariant 
functions and to (3.6). On the other hand the bound for d t u^ is obtained indirectly from the 
orthogonality relation dtu ■ u — (see e.g. the similar argument for 113 in Lemma 3.1). 
From the L 2 bound in (3.24) we obtain 

II/IUh*-) ~ \\ d t u \\m 
therefore integrating (3.23) from infinity we have 

Using the L°° bound in (3.24) yields 

WfWLHrdr) < WdMlfjl 

which directly leads to 

\\d r z\\ L 2 < \\dtu\\ 6 i 
Further, the orthogonality relation z ■ u = and (3.3) show that 

\\r~ l Zz\\L*{rdr) < ||«|U»(1 + II L 2 (rdr) + ||r -1 « a || L^rdr)) < 

Thus we have proved that 

\\A\hI ^ \\dtu\\ ti i 

Now it is easy to obtain (3.22), estimating the difference via (3.24). 

Finally, we prove that the map u — >• v,w is C l from L 2 — > L 2 . For this we need the 
following counterpart of (3.22): 

(3.25) \\d t v\\ L2 < \\d t u\\ L2 

Again it suffices to consider the smooth case, since the transition to more general maps 
u G C(I; H 1 ) fl C 1 (J; L 2 ) is done via a standard density argument. 
We begin with 

\\f\W(rdr) < ||^U|| L 2 

Then integrating (3.23) from infinity we obtain 

poo 

\z(r)\ < / l l0 , s] (r)\f(s)\ds 
Jo 
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and by Minkowski's inequality 

POO 

\\z\\L*(rdr) ^ / S\f(s)\ds 

Jo 

The transition from z to d t v is immediate, therefore (3.25) is proved. □ 

As a direct consequence of part (a) of the above lemma we can describe the regularity and 
properties of the differentiated fields ip\, ^2 and the connection coefficient A2 at fixed time: 

Corollary 3.3. Let u : M 2 — > § 2 be an m-equivariant map as in (3.1). Then ipi, ip2 and A 2 
satisfy (3.10), (3.11) fork,l = 1,2 as well as the bounds 

In addition, the map u — > (^1,^2,^2) from H 1 into the above spaces is C 1 . 

A second step is to consider Schrodinger maps with more regularity, i.e. as in Theorem 1.1. 
For such maps, if we make the additional decay assumption that Uq — Q™ x ^ L 2 , then this is 
preserved along the flow. Hence, as a consequence of part (b) of the above lemma we have: 

Corollary 3.4. Let I be a compact interval, and a : / x I 2 -> § 2 be an m-equivariant map 
satisfying (3.1) uniformly in I and which has the additional regularity 

u-QZ x EC(I;H 2 ), d t ueC(I;L 2 ). 

Then ipo, 1P2 and A Q , A 2 satisfy the relations (3.10), (3.11) for k, I = 0, 1, 2 and have the 
additional regularity 

1X» Ao e C(J; L 2 ), - C!a,i e C(I; H^), 
^2-^A2-A^ 2 eC(I;H 2 ). 

3.3. Schrodinger maps in the Coulomb gauge. We are now prepared to write the 
evolution equations for the differentiated fields ipi and ip2 in (3.8) computed with respect to 
the Coulomb gauge. To justify the following computations we assume that u : / x R 2 — > E> 2 is 
a Schrodinger map as in Theorem 1.1 so that in addition UQ — Q m G L 2 . Thus the hypothesis 
of Corollary 3.4 is verified, and we obtain the additional regularity (3.26) for ip Q , ipi, ip 2 and 
A , A 2 . This suffices in order to justify the computations below. 

Writing the Laplacian in polar coordinates, a direct computation using the formulas (3.8) 
shows that we can rewrite the Schrodinger Map equation (1.1) in the form 

V> = % ( Z?iV>i + + \d 2 ^2 

\ ry ry 

Applying the operators D\ and D2 to both sides of this equation and using the relations 
(3.10) and (3.11), we can derive the evolution equations for ip m , m = 1, 2: 

d t ipi + iA ip 1 = iAipi - 2Aidiipi - diA^i - -A x i\)\ 

r 

1 12 1 - 

- iA 2 ^ - i—A\i\)\ - i— ^1 + -^A 2 i)2 ^(^1^2)^2 

ry £ ry£i ryO iy£ 

d t ip 2 + iA ip 2 = iAip 2 - 1A x d x ^2 - d\A^2 - -Aiip 2 

r 

- iA\ip2 ~ i—A 2 2 ip2 ~ 9(^2^i)^i 
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Under the Coulomb gauge A± = these equations become 



1 12 1 - 
<9t^i + zAo^i =zA^i - i-^A^i - i-zipi + -^A 2 ^2 ~$s('ipiip2)ip2 

ly fy £ fyO fy£ 

d t tp2 + iA ip 2 =i^2 - i^A\^)2 - 9f (^2^1)^1 
while the relations (3.10) and (3.11) become 

(3.27) d r A 2 = d r i)2 = iA 2 i) X 
From the compatibility relations involving A , we obtain 

(3.28) 9r A = -^9 r (r> 1 | 2 -|^ 2 | 2 ) 
from which we derive 

(3.29) A = -\ (\^\ 2 " + [rdr]- 1 (V| 2 - ^\H 2 

This is where the initialization of the Coulomb gauge at infinity is important. That guar- 
antees that A e L 2 , while \ipi\ 2 — r~ 2 \ip 2 \ 2 £ L 2 . Thus the integrating constant must be 
zero. 

There is quite a bit of redundancy in the equations for ipi and i/) 2 ', we eliminate this by 
introducing a single main variable 

/ / 
IjJ = Ipi — % 

r 

A direct computation yields the equation for ip: 

A 1 A 2 1 

fy £ tydi tyZi ry 

By replacing ipi = ip + ir~ 1 ip2 and using A\ + l^l 2 = 1, we obtain the key evolution equation 
we work with in this paper, 

(3.30) id t ^ + - 4^ = A iP - 2-?rl> - ~S(<ip 2 ip)<ip 

fy £ fy £ ry 

Our strategy will be to use this equation in order to obtain estimates for ip. The functions 
A 2 and ^2 are defined in terms of ip via the system of ODE's 

(3.31) d r A 2 = 5(^2) + l\H 2 , d r ^ 2 = iA 2 ^--A 2 ^2 

derived from (3.27). If m = 1, the boundary condition for this system will be prescribed at 
infinity, and it roughly says that (A 2 ,ip2) are close to (h 3 ,ihi) as r approaches 00. In the 
regular case when u — Q £ C(J; H 2 ) this is simply the following relation: 

(3.32) A 2 -h 3 E L 2 , ip 2 ~ ih x £ L 2 

We will later prove that this condition suffices in order to uniquely determine ip2 and A 2 
from ip. This can only work in the 1-equivariant case; indeed, if m > 2 then nearby solitons 
cannot be differentiated in this way. 

Once (A 2 , ip 2 ) are computed, the Aq connection coefficient is given by (3.29) which becomes 
now 

(3.33) 4>(r) = -\\i,\ 2 + -Q(rMi) + [r^flVf - -9f(^)). 

2 r r 
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Finally, given ip, A<i and ip2, we can return to the Schrodinger map u via the system (3.9) 
with the boundary condition at infinity given by (3.17). 

3.4. The choice of the parameters a, A. At this point we already have chosen to work 
m = 1 and drop the upper script m from h™ and h™. This allows us to introduce another 
upper script convention 

h x (r) = ht(Xr), h x (r) = h 3 (\r) 

which is very useful due to the key role the parameter A plays in our analysis. 

In order to understand the way a Schrodinger map u evolves along the soliton family, we 
need to choose a pair of time dependent functions a(t), \(t) so that (1.5) holds. Such a 
choice is not unique; we will introduce here two alternatives, show that both are suitable 
and compare them. 

Our main choice is analytic, and it is motivated by the equation (3.30), which we want 
to rewrite as a linear equation with a nonlinear perturbative term. This is not the case in 
(3.30), since A2 is nonzero if ip — 0. Thus we want to take the bulk part of A2 and move it 
into the linear part of the equation. Since A 2 is initialized as h 3 at infinity, one may try to 
take h 3 as the main part of A 2 ; this leads to a nonlinear Schrodinger equation governed by 
the operator H, namely 

(id t - H)iP = A^ - 2 ^ 2 ~% - hs{^)^ 

Unfortunately, the second term on the right, though quadratic in ip, turns out to be nonper- 
turbative on a long time scale; the difficulty is related to the lack of time decay of A2 — h% 
for r in a compact set. To remedy this we instead choose A so that A 2 is close to h x for r in 
a compact set. Precisely, our full choice of parameters is 

(3.34) A 2 (l,t) = h x{t) (l), ^(M) = ie^h^il) 

which matches (A 2 ,?/; 2 ) with (/I3 , ie ia ^h X (1)) at r = 1. The matching point is arbitrarily 
chosen; any other one would do. With these parameters, the equation (3.30) takes the form 

A - h X{t) 1 

(3.35) (idt ~ H m )il) = A iP - 2 2 ^ 3 V - ~%^)^ 

With this formulation we are able to track the right hand side perturbatively. The price we 
pay is that the linear part now has a time dependent operator H\(t), and that in addition to 
bounds for ip we also need to bootstrap the appropriate bounds on the parameter A. 
An alternate choice of the parameters a and A is geometric: 

(3-36) u(l,t) = Q m:m (l). 

This choice, somewhat related to the one in [9], does not play any role in our analysis, and 
is given here only for comparison purposes. As a consequence of the pointwise part of the 
bounds (3.3) and (3.20) we have 

Corollary 3.5. Assume that ip is small in L 2 . Then both (a(t), X(t)) and (a(t), A(t)) satisfy 
the condition (1.5). In addition, the two sets of parameters are related by the relations 

(3.37) A(t) = A(t), \a(t)-a(t)\<\\ij\\ L 2 
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We remark that the first relation in (3.37) follows directly from the identity (3.12). The 
second part of (3.37) follows from (1.5) since a direct computation shows that 





a 


— a 


+ 


|log(A/A)| 


1 + 


a — 


nj 


+ 


log(A/A)| 



\\Qa,X — Qa'xWlI 1 



4. Spectral analysis for the operators H, H; the X, LX spaces 

4.1. Spectral theory for the operator H. The spectral theory for H was studied in 
detail by Krieger-Schlag-Tataru in [10]. Here we simply restate the result in [10], in a 
slightly modified setup. The modification is threefold. Instead of working in L 2 (dr), we 
work with L 2 (rdr); this is equivalent to an r~2 conjugation. Secondly, we prefer to use 
£ 2 instead of £ as the spectral parameter. Finally, we include the spectral measure in the 
generalized eigenfunctions. 

Precisely, we consider H acting as an unbounded selfadjoint operator in L 2 (rdr). Then H 
is nonnegative, and its spectrum [0, oo) is absolutely continuous. H has a zero resonance, 
namely <po = hi, 

Hh x = 0. 

For each £ > one can choose a normalized generalized eigenfunction <j)£, 

= e^- 

These are unique up to a £ dependent multiplicative factor, which is chosen as described 
below. 

To these one associates a generalized Fourier transform Tn defined by 



/■OO 

= / h{r)f{r)rdr 
Jo 



where the integral above is considered in the singular sense. This is an L 2 isometry, and we 
have the inversion formula 

'>CO 



f(r) = / Mr)FHf(t)dt 
Jo 



The functions 4>^ are smooth with respect to both r and £. To describe them one considers 
two distinct regions, r£ < 1 and r£ > 1. 

In the first region r£ < 1 the functions 0g admit a power series expansion of the form 



( 1 00 

V r 7=1 



(4.1) e (r) = g(0 U + - > :«) 2i ^(r 2 ) I , r£ < 1 



where 4>q = hi and the functions <pj are analytic and satisfy 
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This bound is not spelled out in [10], but it follows directly from the integral recurrence 
formula for f/s (page 578 in the paper). The smooth positive weight q satisfies 

1 ?«i 



(4.3) 9 «)«J f5|1 ° g?l , \mrq\< a q 



. 3 



Defining the weight 

(4.4) m\{r) 



In (1 + r 2 ) 
min{l, r2 k \,. ^} jfc < 



min{l, r 3 2 3fc }, > 

it follows that the nonresonant part of 0g satisfies 

(4.5) \m) a (rd r f (&(r) ~ <?(O0o(r)) I < a p 2*m£(r), £ « 2 fc , < < 1 
In the other region r( > 1 we begin with the functions 

(4.6) <j%{r) = r-2 e ir V«,r), rf > 1 
solving 

where for a we have the following asymptotic expansion 

oo 3z 1 

a(q,r) « ^g~ j 0+(r), </>+ = 1, 0+ = — + O 



with 



1 + r 2 ' 

j=0 



sup \ {rd r ) 0t| < oo 

r>0 



in the following sense 

JO 

|(rdr)%<9 9 )>( ?) r)-' 

r>0 



sup |(r0r)«( g g )'V(<Z,r) - ^g^ + (r)]| < c^g-*" 1 

i=o 



Then we have the representation 



(4.7) ^(r) = a(C)^(r) + a(0^(r) 
where the complex valued function a satisfies 

(4.8) K£)I = V?' K^MOISi 
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4.2. Spectral theory for the operator H. The spectral theory for H is derived from the 
spectral theory for H due to the conjugate representations 

H = L*L, H = LL* 

This allows us to define generalized eigenfunctions for H using the generalized eigenfunc- 
tions for H, 

It is easy to see that ip£ are real, smooth, vanish at r = and solve 

mt = 

With respect to this frame we can define the generalized Fourier transform adapted to H by 



FafiO = / i/>t(r)f(r)rdr 
Jo 

where the integral above is considered in the singular sense. This is an L 2 isometry, and we 
have the inversion formula 

POO 

(4.9) f(r) = / Mr^nfim 

Jo 

To see this we compute, for a Schwartz function /: 

poo poo 

J r H L f(0=l iJ>((r)Lf(r)rdr = J L*ij ( (r)f(r)rdr 
^(r)f(r)rdr = £F H /(0 



Hence 

W^LfWh = \\^Hf(0\\h = (Hf,f) LHrdr) = \\Lf\H 

which suffices since Lf spans a dense subset of L 2 . 

The representation of ip^ in the two regions r£ < 1 and r£ > 1 is obtained from the 
similar representation of In the first region r£ < 1 the functions ip^ admit a power series 
expansion of the form 



i>i 



r 2 ) 



where 

^i(r) = (/i 3 + 1 + 2j> J+ i(r) + rd r <j> j+1 {r) 
From (4.2), it follows that 

& 

In addition, ipo solves L*ipo = 0o therefore a direct computation shows that 



\(rd r ) a ^\ < a ^^logU + r 2 



1 /(l +r 2 )log(l +r 2 ) 1 
^ = H H 1 
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In particular, defining the weights 
(4.10) m k (r) = 



r ln(l + r 2 ), 
min{l,— — '-}, if A: < 
(k) 



min{l,r 2 2 2fe }, if k > 
we have the pointwise bound for ip^ 

(4.11) \(rd r ntd^Mr)\ < aP 2 k *m k (r), £^ 2 fc , r£ < 1 

On the other hand in the regime r£ > 1 we define 

and we obtain the representation 



(4.12) ^(r) = a(0^ + W + a(£)^ + (r) 
For tp + we obtain the expression 

(4.13) ^+(r) = r^e ir? a«,r), rf > 1 
where 5" has the form 

1 9 

a(g, r) = ia(g, r) - -q <j(q, r) + ^(q, r) + £ La{q, r) 

therefore it has exactly the same properties as a . In particular, for fixed £, we obtain that 

(4.14) a(r£,r) = i--r~ 1 C 1 + 0(r~ 2 ) 



4.3. The spaces X and LX. So far we have measured the Schrodinger map u in the space 
H 1 (which correspond to u G H^), while the differentiated field ip is in L 2 . The operator L 
maps LL\ into L 2 . Conversely, if for some / G L 2 we solve 

then we obtain a solution « which is in H\ and satisfies 

IMIjji i$ ll/IU 2 

However, this solution is only unique modulo a multiple of the resonance 0o- Furthermore, 
in general it does not make sense to identify u by prescribing its size at infinity. The spaces 
X and LX are in part introduced in order to remedy this ambiguity in the inversion of L. 

Definition 4.1. a) The space X is defined as the completion of the subspace of L 2 {rdr) for 
which the following norm is finite 

Wo / k<o 

where P k is the Littlewood-Paley operator localizing at frequency £ ~ 2 h in the H calculus. 
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b) LX is the space of functions of the form f = Lu with u G X, with norm ||/||lx = 
Expressed in the H calculus, the LX norm is written as 



>-fc 



,fc>0 



k<0 



In this article we work with equivariant Schrodinger maps u for which \\u — Q\\x *C 1. 
This corresponds to fields ip which satisfy ||^>||la *C 1. The simplest properties of the space 
X are summarized as follows: 

Proposition 4.2. The following embeddings hold for the space X: 

(4.15) Hi C X C if] 
In addition for f in X we have the following bounds: 

(4.16) ||<r)*/l|j 

/ 



A' 



(4.17) 
(4.18) 



< 



< 



L 4 



A' 



ln(l + r) 

Proof. We first consider bounds for frequency localized functions in the H frame: 
Lemma 4.3. Assume fk G L 2 is localized at H -frequency 2 k . Then 



(4.19) 



\fk(r)\ + \rd r f k (r)\ 



< 



(Ar> 

r*/*(r)|<2i||/*|| £a 



fo(r) + 2*mJ(0 II/* 



|l 2 - 



r < 2" 



< 



(4.20) 

(4-21) \\d r f k (r)\\ LHA> __ k) <2 k \\f k \\ L2 . 

Proof. The Fourier inversion formula gives 



fk(r) 



Pk{^ H f{0Hr)di 



Then the bound (4.19) follows from (4.5) and the Cauchy-Schwarz inequality. Similarly 
(4.20) follows from the bound |0^| < r~2 for r > 2 _fc . The estimate (4.21) on the other hand 
follows directly from 

(4-22) \\Lf k \\ L , <2 k \\f k \\ L , 

□ 

We now prove the embedding X C H\. Due to the straightforward bound ||L/||jy2 < ||/||a 
and the ODE estimate 



\drf\\L* + \\r- l f\\ L z< 1/(1)1 + ||L/||l», 



it suffices to show that |/(1) 



< 



x 



. But this is obtained by direct summation from the 



dyadic pointwise bounds (4.19) and (4.20). 
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The embedding H\ 6 J is a consequence of the bound 

(4.23) Wf\\x<\\fU + \\Lf\\v 

The right hand side above is in effect an equivalent norm in H\. To prove (4.23) we use the 
L 2 norm of / for low frequencies, 



ll/<o|lx ^ ^ TrrH/fclU^ < f ^ ll/fclljafrdrl ) ( ^ ) ~ HZ-colU^nfr-) 
fc<0 ' ' \fc<0 / \fc<0 / 

and the L 2 norm of Lf for high frequencies, 

||/>o|U « W>t>\\* < \\Lf\\ L * 
In view of the above embedding, for (4.16) it suffices to consider r > 1. Then (4.16) follows 
by direct summation from (4.19) and (4.20). 

For (4.17) it also suffices to take r > 1. The high frequencies are bounded directly in L 2 , 

\\f>oh* £ ll/IU 

so it remains to consider a single low frequency component We have 

f 2 r 2 ' k i f 12 

Jk 



ln(l + r) 



~i |ln( l l /fc )r)| 2 rrfr + ^ ll/fc|1 ' 2 



and for the first part we use (4.19). 

Finally we prove (4.18). For the high frequencies />o we interpolate between (4.16) and 
the L 2 estimate. It remains to consider a fixed low frequency component fk- If r < 2~ k then 
it suffices to perform a direct computation based on (4.19). If r > 2~ k then we interpolate 
between (4.20) and the trivial L 2 bound. 

□ 

Now we turn our attention to the space LX. 
Lemma 4.4. If f £ L 2 is localized at H- frequency 2 k then 

(4.24) |/(r)|<2 fc m fc (r)(l + 2 fc r)^||/|| L2 

Proof. This follows from the Fourier inversion formula (4.9), the Cauchy-Schwarz inequality 
and (4.11) for r < 2" fe , respectively the bound |^| < r~a for r > 2~ k . □ 

Proposition 4.5. The following embeddings hold for LX: 

(4.25) L 1 n L 2 C LX C L 2 

Proof. The second embedding is trivial. For the first one we use the L 2 norm for high 
frequencies, and it remains to use the L l norm for low frequencies and show that 

(4-26) \\P<ofhx < H/IIli 

It suffices to consider the case when / is a Dirac mass, / = —8 r= R. For such / we bound its 
Fourier transform, 



1^/(01 < |lnel 



ln(l + i? 2 ) £ < R~ x 



R-2 £ > R~ l 

25 



Thus 

pwiu,< E E 

fc<— | logi2| fc>-|log_R| 

and (4.26) follows. □ 
Based on the above results we can now establish multiplicative properties for X and LX: 
Proposition 4.6. X is an algebra and the following estimates hold: 
(4-27) \\fLg\\ LX <\\f\\ x \\g\\ x 

(4-28) ||W|kx + ||W|Ux<||/|U 

Proof. From (4.23) is it enough to prove that if /, g G X then / ■ g G L 2 and L(f ■ g) G L 2 . 
From (4.18) we have 

\\fg\\v<\\f\\x\\g\\x 

therefore it remains to show that 

\\L(fg)\\ L ><\\f\\x\\g\\x 

We write 

L{fg) = Lf-g + f-Lg + hJ-^- 

r 

For the first term (and similarly for the second one) we have 

||L/-<7|| i2 <||L/|| i2 |MU~ 
and use (4.16). For the third term we have 

(4-29) \\r^f-g\W < ||»-7IMMIl- < H/llflilMlfli 

and the proof of the algebra property is complete. 
If /, g G X then we use (4.17) to estimate 

Wr-'f-gh^WfWxWgWx 
which combined with (4.29) and (4.25) implies that 
(4-30) llr" 1 / ■ g\\ LX < \\ r ^ f ■ g\\ LlnL2 < \\f\\ x \\g\\ x 

Now we are ready to prove (4.27). We have 

\\f-W*<\\f\M\Lg\\*<\\f\\x\\g\\x 

and also 

ll^>o/ ■ Lg\\ L i < \\P> f\\ L2 \\Lg\\ L2 < \\f\\ x \\g\\ x 
which places P>of ■ Lg in LX due to (4.25). Also 

P< / ■ LP> g = L(P< / • P> g) - LP^f • P> g + ^P< / ■ P> g 

The first term belongs to LX due to the algebra property of X, the second term is treated 
as above and the third one is estimated as in (4.30). We are then left with estimating the 
low frequency contributions P<ofLP<og. Due to the I 1 structure of X at low frequencies, 
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this can be reduced to the case of single frequencies, i.e. when / is replaced by f k = P k f 
and g by gj = Pjg with k,j < 0. If k > j then 

\\fkL 9j \\ L i < WhW^WLgjU* < 2 j \k\\j\\\f k \\ x \\ gj \\ x < IIMUII^-IU 

The case k < j is similar after moving L on the lower frequency factor, 

f k Lgj = L(f k ■ gj) - Lf k ■ gj + — f k ■ gj. 
We use a similar argument to prove (4.28). We have 

hLf = L(hJ) - fd r h 

The expression h\f is estimated in H\ C X, while fd r hi trivially belongs to L 1 n L 2 . The 
same argument applies if hi is replaced by h 3 — 1, proving the second estimate in(4.28). □ 

4.4. A companion space. Here we define a Sobolev type companion X for X and study 
some simple properties for it. This space will be used in Section 7 in order to characterize 
the regularity of the Coulomb frame (v,w). 

We begin with the space [c^] -1 / 1 // 2 , defined as the completion of of H^ ([0, oo)) with 
respect to the following norm 

\\f\\ldr]-HiL* = ||<9 r /||/i L 2 := \\d r f\\mA m ) 

rn 

Since ||9 r /||ii(rf r ) < ||/|| [a r ]-i/iL 2 , it follows that / has limits both at and oo; and since it is 
approximated by functions in H\ Q ([0, oo)), it follows that lim^oo f{r) = 0. We also have 
the following inequality 

(4.31) II^/||l» + II/IIx-<II/II[*]-iiix» 

Now we can define the spaces X and d r X, 

X = {f: Xr >if E X, Xr <if eX+ [d^L 2 }, d r X = {f:f = d r g, g G X} 
with the induced norms. For technical purposes only we also introduce the norm 

m 

Lemma 4.7. The following estimates hold: 



(4-32) \\f\\ 9rX <\\Xr<lf\\liL* + \\rXr>lf\\L* 

(4-33) \\hif\\ drX +\\h 3 f\\ drX <\\f\\ dr x 

(4-34) \\f-g\\ drX <\\f\\ drX \\9\\x 

(4-35) \\f-g\\LX<\\f\\Lx\\g\\ x 



Proof. Proof of (4.32). Define g by d r g = f, g(oo) = 0. We need to estimate g in X. The 
operator [r<9 r ] -1 is L 2 bounded, therefore ||(?||l 2 ^ Ik/IU 2 - Hence by (4.31) we obtain 

||Xr<iy|U« + H^rXr<lfi'||iiL2 + \\Xr>l9\\m < \\Xr<lf\\l^L^ + ||rXr>l/|Ua 

therefore (4.32) follows by definition and by (4.15). 
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Proof of (4.33). For the first term we estimate 

\\Xr<lhfy L 2 + \\rXrMWv < \\f\\ L2 < \\f\\ 9rjt 

and conclude by (4.32). A similar argument works for the second term. 
Proof of (4.34). We need to show that 

(4-36) \\f-d r g\\ dr x<\\f\\x\\9\\x 

We write / = fi + f 2 , g = g\ + g 2 where /i, <?i G X and f 2 , g 2 £ [(9 r ] _1 / 1 L 2 are supported in 
[0, 1]. The expression fd r g 2 inherits the l l L 2 bound from g 2 . For f 2 d r g\ we write 

f 2 d r gi = d r (f 2 gi) - g x d r f 2 . 
We can bound f 2 g\ in H\ C X while g\d r f 2 belongs to l x L 2 . For the final term we will show 

(4-37) ll/i-^i|| 9 ^<||/i|Ulbi|U 
Starting from the simpler bound 

(4-38) \\h\W~ < WfiUl 

we obtain 

\\fi ■ d r gi\\ii& < \\fi\\x\\gx\\x 
which yields an L°° bound for [9 r ] _1 (/i -d r gi) and suffices for r < 1. For larger r we consider 
a dyadic decomposition as in the proof of (4.27). If the first factor has high frequency then 
we estimate it in L 2 to obtain 

||-P>o/i • 9r9i\\v- ^ HAlUlbilU 
Combining this with the Sobolev type bound 

(4.39) llt^-^IU^II^ 
we obtain 

\\[d r r\P>oh- d r9l )\\ L 2 <\\h\\x\\gi\\x 

therefore 

\\Xr>i[d r }~ 1 (P>oh ■ d r gi)\\ H i < ||A|Ulbi|U 

which suffices by (4.15). 

If the second factor has high frequency then we switch them 

fi ■ d r P> Q gi = d r (fi ■ P> gi) - d r fi ■ P> G gi 

and use the X algebra property for the first term on the right. 

It remains to consider the low frequency interactions Pkfi • d T Pjg\ with k, j < 0. Assuming 
k < j, by using (4.19) for small r and (4.21) for large r we obtain 

\\Pkfi-d r P m \\ L i < WPkhWxWPjgiWx 

and conclude as before. On the other hand if k > j we switch the derivative to the first 
factor and use again the X algebra property. 
Proof of (4.35). We split 

fg = fxr>ig + fxr<ig 

For the first term we use (4.27). The second has compact support, therefore it suffices to 
estimate it in L 2 and use (4.25). □ 
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4.5. Littlewood-Paley projectors in the H frame. The first aim of the following propo- 
sition is to characterize the kernels Kk(r, s) of the projectors P k in the H frame. Secondly, 
we consider the kernels K k (r, s) of the operators L~ x P kl which can be defined as 

L- l P k := L*H- l P k . 

We remark that the adjoint operators are given by 

(L- 1 P k )* = P k (L*)- 1 :=P k H- 1 L. 

Proposition 4.8. a) The kernel K k (r, s) of P k satisfies the bounds 

2 2k m k (r)m k (s) 



(4-40) \K k (r, 8 )\< 
(4.41) \d r K k (r,s)\< 



(1 + 2 k \r - s\) N (l + 2 k (r + s)) : 
(2 3fc + 2 2k r~ 1 )m k {r)m k (s) 



l + 2 k \r - s\) N {l + 2 k {r + s))' 
b) If k > then the kernel K\(r,s) of L~ 1 P k satisfies the bound 
U 42) \Kl(r s)\ < 2 k rnl(r)m k (s) 

If k < then Kl(r, s) admits a decomposition 

K 1 = K 1 4~ Kl 

where the regular part K\ reg satisfies (4.42) and the resonant part K\ res has the form 

(4.43) Kl >res (r, s) = />i(r) X2 * r < lCfe ( S ), \c k (s)\ < |A;|- 1 m fe ( S )(l + 2 k S y N 

and X2 k r<i is a smooth bump function supported in {2 k r < 1} which equals 1 in {2 k r <1}. 

Proof, a) We denote by Xk the symbol of P k . This is a smooth bump supported at £ ~ 2 k , 
which is all that we use in the proof. The kernel K k (r, s) is symmetric and has the form 



K h (r,8) = j Mr)M*)Xk(tiH. 
If r, s > 2~ k then we use the representation (4.12) to obtain 

K k (r, s) = Y, I r-^-5^((-i)^+(-i) ! ^ % (0aK0^(r£, r)a z «, r)x*(0^ 



where = a, a\ = a, <5"o = a,a± = a. Using stationary phase together with the bounds on a 
and the characterization of a gives the bound in (4.40). We note that the stationary phase 
brings decay factors of type (1 + 2 k \r — s\)~ N . 

We now consider the case r > 2~ k , s < 2~ k (and also, by symmetry, the case r < 2~ fc , s > 



2~ k ). Then 



Kk(r,s)= I Ms>- l >e i{ - 1)jr %(0°M,r)Xk(Odt; 



i=o,i ' 

The first factor ip^(s) is smooth in £ on the dyadic scale; precisely, we have the pointwise 
bound (4.11). Then we use stationary phase, (4.11), the bounds on a and the characterization 
of a to claim (4.40). 
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Finally, if r, s < 2~ k , the arguments for (4.40) and (4.41) follow directly from the pointwise 
bounds (4.11) on ip^. 

For the estimate (4.41) we write d r = —L* + Then 

\d r K k (r,s)\ < \L*K k (r,s)\ + -\K k (r,s)\ 

r 

and L*K k (r,s) is of the form L*K k (r,s) = 2 2k K\{r,s) with K\ as in part (b). Hence it 
suffices to prove part (b) of the proposition, 
b) Since L*ip^ = the kernel K\ is given by 

If r > 2~ h then 0^(r) is similar to ip^{r) and K\ satisfies the same bounds as K k with an 
additional 2~ k factor. If r < 2~ h and k > then <fi^ is smooth on the dyadic scale and has 
size r^a therefore we can argue again as in case (a). Finally if r < 2 _fe and k < then we 
decompose ^ according to (4.1) into 

<t>dr)=q(Z)Mr) + <t>Y r (r) 

where 0| rr is smooth on the dyadic scale and has size (?(£) r £ 2 log(l + r). The first term yields 
the resonant component Kl res and the second term gives the regular component K kreg . □ 

4.6. Time dependent frames and the transference identity. Later in the article we 
need to work with a time dependent parameter A, and thus with a time dependent Fourier 
transform associated to the operator H\. By rescaling, its normalized generalized eigenfunc- 
tions are 

^(r) = A-^(A-V), H x ^ = 

We denote the associated Fourier transform by JF\\ this is an L 2 isometry. To study its A 
dependence we use the transference operator 1C\, previously introduced and studied in [10]: 

/c A = ^ r x 

By scaling it suffices to analyze the operator K — 

Proposition 4.9 ([10]). The operator K, is a skew- adjoint Hilbert transform type operator, 
whose kernel K(£, t]) has the form 

where the symmetric function F satisfies the following bounds 



where a,N G N and a, (3 G M if |£ — r]\ > max((, 77) and a + (3 <2 if |£ — 77 j <C max((, if). 
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Proof. We merely outline the computation, as a complete proof is given in [10]. Furthermore, 
the proof is similar to the proof of the next proposition, which is presented in full. Formally 
the kernel K is given by 



We have 



= (A-^iMA-V)) = ( V d v - rd r - V 



dX V|a=i rfA 
therefore 

= W - rd r ~ 

Hence we obtain: 

(e - V 2 )K(Z, V ) = (vd v - rd r - 1)^) - farfivdr, ~ rd r - ~)^) 

=(Hil>e, (vd v - rd r ~ 2)^77) ~ W - ^<9 r - -)v 2 i>r,) + 2(^, n 2 ^) 
= - [#,rd P ]V„> + 2{^rj 2 ip r) ) 

= -(^ ( 1+ 8 r 2)2 ^) 

The bounds on F are derived from the representations for ^ given by (4.11)-(4.13). □ 
Next we consider the related problem of comparing the Fourier transforms in nearby frames. 

Proposition 4.10. Suppose that |Ai — 1| <C 1 and |A 2 — lj <^C 1. Then the kernel of the 
operator J r \ 1 J r { 2 has the form 

K\i\A£,,V) = a{X 1 ,X 2 ,0^=v + P- v - ^ 2 _ ^2 

where a and b are smooth functions in all variables satisfying 

a 2 (A 1 ,A 2 ,0 + & 2 (Ai,A 2 ,e,0 = l 
and the following size and regularity: 

(4.44) K^ywm + vd v yb\ < {]og Q {]ogrj) ^v<i 

(4.45) K 2 m^m + vo v yb\ < {log0 l +r])N t < 1 < v 

(4-46) \d a Xl2 d?d]m + r ] d,yb\ < 1 — 1 <e,i7 

42772(1 + j 77 - £|) JV 

where a, a, N eN and /3, 7 G N |£ — n| > max(£, 77) and /3 + 7 < 2 i/ |£ — rj\ <C max(£, 77). 
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Proof. Given a smooth radial function / in (0, oo) which is compactly supported away from 
zero we have the following integral representation for J r x 1 J r x 2 f- 

roo roc 

(4.47) 



R^oo 



oo POO 



JO 



lim / / x( r 7 R)^ 1 (r)ijj^ 2 (r)f(ri)drirdr 



where x is a smooth radial compactly supported bump function which equals 1 in the unit 
ball. Then the off-diagonal part of K XlX2 (^,r]) is given by 



oo 



Kx.x^v) = Hm / x(r/R)^(r)^(r)rdr := (Vf ,< 2 } 



This is meaningful if the above limit exists uniformly on compact sets off the diagonal; that 
is always the case due to the asymptotics for ^ as r — > oo in (4.12), (4.13). Multiplying the 
previous relation by (£ 2 — rj 2 ) and integrating by parts gives 

= (^\ (H Xl - H X2 )^) = (V Xl - V X2 )^) 

= ^ Z J,*) 

^ ' (1 + A?r 2 )(l + A|r 2 )^ ; 
which leads to the following formula for b: 

MA 1 ,A 2 ,^)H^. (1 + g m f Alr2) <) 

We note that the above computation should be done with the cutoff x{ r /R) included, and 
then pass to the limit R — > oo; This computation is tedious but routine, so we omit it. The 
bounds (4.44)-(4.46) are obtained from this formula using again the representation (4.11), 
(4.12) and (4.13) for the functions ip^. 

Next we identify the behavior of the kernel K XlX2 near the diagonal by using the repre- 
sentation in (4.12) and (4.13) for r£ > 1, 



m r^e iT Hi - -L) a (A0 ) + 0(r~^ 
V. 8r£ J 



Since we have already identified the off-diagonal kernel of K XlX2 , for this purpose we can 
freely neglect any part of K XlX2 which has a locally bounded kernel. For large r we have 

^(r)^(r) = i*( e **(i - ^) o (A 1 0)»(e^(< - ^H**l)) + O(^) 



where 



I res = i-S (a(\ 1 0d(X 2V )e ir ^) , I nr = i-S (a(A 1 0a(A 2 ^)e !r ^) 
Hres = Y^i^ 3 {a(X 1 0d(X 2V )e ir ^ r ' ) ) , 
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Hence returning to (4.47), for £ in a compact set we have 



OO POO 



•^1^/(0 = / / (Ires-Inr + n r es-nnr)f(v)drirdr + 0(\\f\\ L i] 



A 2 

JO JO 

In the nonresonant terms I nr and II nr the phase is uniformly oscillatory, so integration by 
parts in r allows for a gain of arbitrarily many powers of r _1 . 

In the second resonant term II res the phase may be stationary. However, the factor of 
£ — rj allows for one integration by parts in r which gain an r" 1 factor, sufficient to insure 
absolute convergence in the integral. Thus we are left with 

r>00 POO 



POO POO 

^nj{i)= / Iresf(v)dvrdr + 0(\\f\\ L r 

JO JO 



oo POO 



^ (a(X^)d(X 2 rj)e ir ^) f^dr^dr + O 



'o Jo 

Using elementary properties of the Fourier transform and the notation H for the Heaviside 
function, the last integral is expressed in the form 



[[ e ir ^a(X 1 0a{X2V)(l + H(r))f{r ] )dr ] dr 

4 J JR2 



= £R(a(Ai0S(A20)/(£) + / 9f(a(A 1 0a(A 2 i7))7 f(v)<*n 

2 2 J i-rj 

Hence for £, r] in a compact set we obtain 

#W£, 7?) = |»(o(AiOa(AaO)«y(e - v) + |9(a(Ai0a(A 2 £))p.t;.— ^ + 0(1) 

Comparing this with the off-diagonal representation of K\ 1 \ 2 , we obtain the representation 
in the proposition with 

fl(Ai, A 2 , = ^(a(AxOa(A 2 0), &(Ai, A 2 , £, £) = ^(A^a^O) 

Using (4.8), it then follows that on the diagonal we have 

a 2 (A 1 ,A 2 ,e) + 6 2 (A 1 ,A 2 ,e,e) = |^a(Ai0s(A a i ? )| 2 = l. n 

4.7. Compositions of Littlewood-Paley projectors. We first consider dyadic bump 
functions in the Fourier space, and we estimate their inverse Fourier transforms: 

Proposition 4.11. Let k e Z and \k be a unit size bump function supported in the {£ ~ 2 k } 
dyadic region. Then for \X — 1| <C 1 its inverse Fourier transform satisfies the bounds 



(4-48) mrd r )P(F* Xk )(r)\ < a ,p 2* m fc (r)(l + 2 k r) 



-N 



Proof. We have 

HXk{r) = J ^(r)xk(m 
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If r < 2 k , then using the pointwise estimate (4.11) gives (4.11). If r > 2 fe , then using 
(4.12), (4.13) and stationary phase gives (4.11). □ 

The next step is to consider the composition of two dyadically separated projectors asso- 
ciated with different frames. 

Proposition 4.12. Let j, k G Z with \ j — k\ ^> 1, and X in a compact subset o/(0, oo). Then 
the kernels Kj k (r,s) of PjP k satisfy the bounds 

oj+k~\j-k\-N(j++k+) m (r\mi ( <t) 
U 49) \K u(r s)\ < - m 3 [r)m k {s) 

Proof. The kernel Kj k (r, s) of PjP k is given by 

Kjk(r, s) = J ^(r)xj(0 K ix(^v)^(s)Xk(v)d^dr] 

By Proposition 4.10, the symbol Xj(0-^ia(£> v)Xk(v) is smooth on the dyadic scales and has 
size 

M0Au(^)x^)| < ^-y2-^H^I 2 -^' + ) 
Hence (4.49) follows from Proposition 4.11. □ 

Given a frequency localized function in one frame, the above proposition allows us to 
relocalize it in a different frame with good pointwise error bounds. For this we consider a 
projector P k whose symbol \k equals 1 within the support of %k- 

Corollary 4.13. Let ip G L 2 and k G Z. Then we have 

(4.50) = PtPfr + rr, m rr \ < 2 ^^T¥W ^ l|PfcV " L2 

Proof. We write 

(i-p k )p k x = p i p k p k 
ij-fci>i 

A direct estimate using (4.49) gives 

03-\3-k\-N{j++k+) m .( r ) 

I^VMI S fa - )( ,-) (1+ i^ l|P ^ IU ' 

It remains to evaluate the sum with respect to j of the coefficients on the right. Because 
of the rapid decay for positive j, k, it suffices to assume that k < and restrict the sum to 
j < 0. Then we are left with the sum 

R EMl + r) 

There are two thresholds for j in this sum, namely — log(l + r) and fc. If 2 fc r > 1 then the 
sum is given by the summand at j = — log(l + r). Else, the sum is bounded by 

ofc -log(l+r) , /, . x , 

2 K v—. loenl + r ) 1 



- y 

IZr-l 



|fc| ^ j 2 (1 + 2*7-)* 

j—k 

The bound (4.50) easily follows. □ 
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Finally, we consider the product of three projectors: 

Proposition 4.14. Let j, h,k G Z and X in a compact subset of (0, oo). 

a) Assume that \j — k\ ^> 1 and \h — k\ ^> 1. Then the kernels Kj k h(r, s) of PjP^P^ can 
be represented as the sum of a rapidly convergent series of terms K l , kh (r, s) of the form 

K l jkh {r, s) = c jkh rV(A)^j(r)4(s), 

2-\j-k\-\k-h\-N(j++k++h+) 

(j)(k) 2 (h) 

|^(r)| < 2*(1 + Vr)- N , \<j> h {s)\ < 2 h (l + 2^)^. 

with g uniformly bounded in C N . 

b) Assume that either \j — k\ < 1 and \h — k\ ^> 1 or \j — k\ ^> 1 and \h — k\ < 1. Then 
the kernels Kjkh(r,s) of PjP^Ph can be represented as above but with 

2~\j-h\-N(j++h+) 

(4 ' 52) Citk= m 

c) Assume that \j — h\ < 1 and \h — k\ < 1. Then the operators PjP^Ph can be represented 
as sum of a rapidly convergent series of the form 



(4.53) P^P h = P 3 P k P h + c jkh l~ N 9 l WQ. 



i 1 



{jkh: Cjkh = 2 fc+(fc-)2 

with g l uniformly bounded in C N and HQ^JIlz..^ < 1. 

Proof, a) We use Proposition 4.10 to estimate the Fourier kernel Kj k h of PjP^Ph, given by 
K jk h{Z,() = J Xj(OKix(C,v)Xk(v)K X t(v,OXh(Odv 

It follows that Kj k h is smooth in £, ( on the dyadic scale, smooth in A and has size 
(4.54) 1^(^,01^2-^^ 
Separating variables, it suffices to consider kernels Kj k h of the form 

KMt,0 = E 2 "^ c ^ r V(A)x5(OxL(^) 

i 

with x l j, Xh smooth dyadic bump functions, and g smooth. Then the conclusion follows using 
the bounds for the inverse Fourier transforms of Xj an d Xh gi ven by Proposition 4.11. 

b) The proof is similar to the one in case (a), with the only difference that we need to 
consider the contribution of the diagonal term in exactly one of the kernels K^^r]) and 
K\i(r], Q. Here we take advantage of the factor (^d^ + r]d v ) a with a G N in (4.44)-(4.46) in 
order to claim that if s is smooth in t] then 



e-v 2 

is smooth in £. 
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c) In this case we need to allow near diagonal contributions from both kernels Kix(£,r)) 
and K\i(rj, (). For each of them we can use Proposition 4.11 to write 



i i 

2 



v ic \ x lM m \ t wx , 26(1, A, 6 ^6?/ 
^u(6 V) = h=v + (1 - a(l, A, 4, 77)) d €= „ + p.v. c2 _ - 



e-v 2 

In the region 6 rj, £ ~ 2 fc the functions 1 — a and 6 are smooth in the A variable and have size 
(k~)~ 2 2~ k+ . Hence separating the variable A and performing the remaining compositions we 
arrive at the desired conclusion. 

□ 

4.8. Nonresonant quadrilinear forms. Here we prove bounds for quadrilinear expressions 
in nonresonant situations. Precisely, we consider four dyadic frequencies 

j < k 3 <k 2 = fa, j < 

and corresponding frequencies £ ~ 2 J , m 2 kl ,l G {1,2,3} which are subject to one of the 
two additional conditions: 

i) fa- k 3 > 1 and |£i-6| <2 fc 3. 

ii) \k 3 -k 2 \<l and |6 2 + CI - efl « 2 2fc3 - 

In both cases 6 and 6 may be close but 6 is dyadically separated from them. To the 
quadruplet of generalized eigenfunctions if}£, ip^ ip^ 2 and ip^ z we associate the quadrilinear 
expressions: 

G {£i, 6,6,0 = J ^(^)^i( r )^6( r )^ 3 ( r ) rrfr 

/' OC POO -j^ 

Gi(6,6,6,0 = / ^e( r )^ 3 ( r ) / -^6(s)^2( s ) rfsrrfr 

£2(6,6,6,0=/ ^0)^i( r ) / -^6( s )^ 3 ( s ) rfsrrfr 



Also we consider the truncated integrals 

G7(6, 6,6,0 = / x^W^W^W^^r)^^)^ 



G^(6,6,6,0= / M r )^B( r ) x>m{s)^ 1 (s)ip^ 2 (s)dsrdr 

J0 Jr s 

where x>m is a smooth approximation of the characteristic function of [2 m , 00). We denote 
= (6%) a (6%) /3 (6%) 7 (6%) CT and 

22 (k 3 )2~ 2k * 

(4-55) 9jkik2k 3 = pr 

and estimate these integrals as follows: 

Proposition 4.15. For 6 6? 6 anc ^ 6 as above we have the bounds 

(4.56) |£ a/37CT G ,i(6,6,6,0l ^ 

(4.57) |^ 7CT G 2 (6,6, 6, 01 <a^ 7 a 2 fc3 - fel ^ fclfc2fc3 . 
In addition, if m + k 3 > then we have 

(4-58) |ZT^G™ (6,6,6,01 2 fc - fc - Ar ( m+ ^)^. fcifc2fc3 
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Proof. Given the conditions (i),(ii) above and the asymptotic expansions for the functions 
ip^, it follows that the integral defining Go is oscillatory with frequencies ±£i ±£2 ±£3 ±£ of 
size 2 k:i and larger. Hence the contributions of regions A m decay rapidly for m > —k^. Only 
the region A<_fe 3 has a nontrivial contribution, which we estimate directly. If k% < then 
we obtain 

< *i m2iM f |log(l+r 2 )| 2 2*|fc 3 | 
G < 2 2 2 2 — - — / — 7 — —rdr ~ 



\h\\3\J r <2-H l + 2 fc ir \j\ 2 f 
If ^3 > then there is some further gain, as ip^ no longer reaches the logarithmic part before 
the oscillatory regime. In that case we obtain 

ts2i f (r2 fc3 )V 22 



b'l / r<2 -», 1 + 2*T |j| 



Adding the differentiation operator D a/3 ' ycr does not alter the pointwise bounds used above. 
The estimate for the cut-off G™ also follows from the above considerations. 

In the case of G2 the inner integral is oscillatory with frequencies of size 2 hl . Hence we 
obtain 

° 1 1 



00 



~^ 2 (s)^ 3 (s)ds&—^ 2 (r)^ 3 (r), r>2 fel 

2«f <*s> 



,o»^ (fcr)(fe-Ml + r))-) 2 a 3 



s 

Then we conclude as in the case of Go- 

Finally we consider G\. Then we no longer want to estimate the inner integral. Instead 
we integrate by parts, 



Gi = J -J i) i (s)i)^(s)sdsi) i : 1 (r)i) i . 2 (r)dr 

Now the inner integral is again oscillatory, and using the orthogonality of ip^ and ip^ 3 we can 
switch the inner integration to [r, 00) and estimate 

^(s)^ a (a)ads| < -^^p 2 ln 2 (l + r 2 ), r < 2^ 

Then a similar argument to the one used for Go leads to the same bound, as the main 
contribution arising from the region m 1 rests unchanged. A similar argument gives the 
estimate for G™. 

□ 

5. The linear H Schrodinger equation 
Here we consider bounds and function spaces associated to the linear H evolution 
(5.1) (idt-H)1> = f, ^(0)=^o 

restricted to radial functions. We recall that the operator H has the form 

H = -A + V, V= — 1 

r z {l + r z ) 
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and, restricted to radial functions, admits the factorization H = LL* . In the first part of 
the section we introduce several relevant function spaces associated to this evolution, and in 
the second part we prove that (5.1) is well-posed in these spaces. 

5.1. Function spaces. 

5.1.1. Globally defined spaces. To measure solutions we will use the energy norm L^°L 2 , the 
Strichartz norm L\ x whose one- dimensional correspondents are L^°L 2 , respectively L\ r . We 
also use the local energy norm defined by 

||Vll^ = l|[rlog(2 + r)]-V||L» 

Combining these norms we define the space S for solutions to (5.1) and the dual type space 
N (precisely, S = N*) for the inhomogeneous term in (5.1). 

S = L™L 2 n L% n LE, N — L\L 2 r + L% + LE* 

5.1.2. Frequency localized spaces. For many of our estimates we need to be more precise and 
work with a dyadic Littlewood-Paley decomposition in the if -frequency, 

To measure frequency 2 k waves we define a local energy space LE k , 

MLE k =2 k U\\ LHA< _ k) + SUp 2^|MU 2 (A m ) 

m>— k 

as well as an adapted L\ norm (allowed due to the radial symmetry): 

II n , m-\-k m-\-k 

UWl* =supmax{2 a ,2 b }||^|| L 4 (Am) . 

m 

4 

The dual norms are denoted by LEI, respectively L|. The frequency adapted versions of 
the S and N norms are 

S k = L?L\ n L\ n LE k , N k = L\Ll + L\ + LE* k , S k = N* k 
Square summing these norms we obtain the spaces l 2 S and l 2 N with norms 

kez kez 

Given the nice bound (4.40) on the kernel of the projectors P k it is easy to see that these 
are dual spaces, thus justifying our notation. 

We remark that in the frequency localized setting one has the usual Bernstein type esti- 
mates, with an additional improvement near r = 0. Precisely, from the pointwise bounds 
(4.40) for the spectral projector kernels we obtain 

Lemma 5.1. The following frequency localized pointwise bounds hold: 

(5-2) \\mk 1 Pkif>\\i$L ? > ^ \\P k 4>\\LE k 

(5-3) ||(l + 2 fc r)5m^P^|| L c» <2 fc ||P^IUoo L2 
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5.1.3. The Z spaces. The Z spaces, which are used later in the paper for the parameter A 
which tracks the evolution of the Schrodinger map along the soliton family, are defined by 

Z = W 1 ' 1 + H?> 1 , Z = Z + L 2 nL°° 

Concerning these spaces we need the following 

Lemma 5.2. The spaces Z and Z are algebras. 

The proof is not very difficult and left to the reader. 

5.1.4. The X s,b spaces. For a function ip : R x (0, oo) — > C, we define its space-time Fourier 
transform by ip = J^tJ 7 ^, where Tt is the time Fourier transform. We define the modulation 

localization operators {Qj}jez by Qj^(r,^) = Xj(\ T + C 2 \)i J ( T yO where Xj is a smooth 
characteristic function of the set {r ~ 2 J }. We define Q<j, Q<j, Q>j, Q>j in a similar way. 
The X s ' b type spaces X 0,± ^' 1 and X 0,± ^'°° associated to the H flow are defined as 

= J2 2±i WQML>, IMI^,- = sup2 ± 5||g^|| L2 

3 j 

These spaces play a less prominent role in this paper, as they are used only at high modu- 
lations j > 2k where 2 k is the frequency of ip. Precisely, we use them to define the dyadic 
space SI with norms 

IMk = IMk + \\Q>2k4\\x°.hA+ww 

We observe that due to the truncation to high modulations in the second term above, we 
can replace the norm by an equivalent one and write 

HV'l|flE = llV'lk + ||g>a^||zL> 
Somewhat similarly, for the inhomogeneous term we define the space N£ by 

N r k = L l L 2 + Q >2fc X '-^ 
Summing up dyadic contributions in I 2 we obtain the spaces l 2 S r and l 2 N r : 

k k 

These norms, used only on frequency 2 k functions, represent a modest strengthening of the Sk 
norms but only for high modulations. Their role in this paper is twofold. On one hand, they 
represent all the information we are able to transfer from the time dependent frame setting 
in the next section back into the fixed frame setting; on the other hand, they are critically 
used in Section 9 to recover the regularity of the parameter A describing the evolution of the 
Schrodinger map along the soliton family. 

5.1.5. The U 2 and V 2 spaces. Given a Hilbert space % (which in our case will be L 2 (rdr)), 
and 1 < p < oo, we define the spaces U P T-L and V P T-L as follows: 

a) U p l-i C U^l-i is an atomic space, where the atoms are step functions 

a= E 1 fe^+i) Ufe ' Eii^-iiw- 1 

k k 
with tk arbitrary finite increasing sequence in [— oo, oo). 
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b) V P H C L°°H is the space of all right continuous H valued functions for which the 
following norm is finite: 

\H\vpH = SUpJ^ ||M(t fc +l - u(t k ))\\ P H 



where the sup norm is over all increasing sequences {t k } as above, 
case we us 
to the H flow by 



In our case we use the above definitions to construct the U P ~L 2 and V~ T L 2 spaces associated 



(5.4) UWmv = \\e- UH m\\uvL^ IM|v?z* = We^mWwv 



- itH m\\ UPL ^ u\\vn 

Such spaces were introduced in the study of dispersive equations in unpublished work of 
the second author. For more details we refer the reader to [17], [5] and [13]. In the context 
of Schrodinger maps such spaces were also used in [4] . 

We are primarily interested in the case p = 2. There we have the embeddings 

(5.5) X ^ 1 C U\L 2 C V?L 2 C X°^~ 

Another favorable property of these spaces is that they are stable with respect to modulation 
truncations: 

(5.6) Q <3 P k : U\L 2 \J\L 2 , Q Kj P k : V?L 2 -» V?L 2 
For the inhomogeneous term we also define the space DU^L 2 as 

DU\L 2 = {(id t - V e U\L 2 } 

with the induced norm. Here the derivatives are interpreted as distributional derivatives. 
This satisfies 

(5.7) X '^- 1 C DUU 2 C 



2>°° 



5.1.6. The sharp spaces. Here we define our strongest dyadic spaces, namely S k for frequency 
2 k solutions, with norm 



2 



4 = \W\\(s k nviL*) + H^fc^ll^^^o,!,! 
as well as the space N k for the inhomogeneous term, with norm 

\\f\\ 2 N * k = 11/11 (JV fc +Dt/|L2) + ||<5>2fc/||^ lL2+ ^o,-^i 

As before, we also define the full norms l 2 S^ and l 2 N* by 



k k 



The V 2 and DU 2 spaces have been added in in order to allow for a harmless transition 
between the high and low modulations, and also to simplify some proofs in this section. 
Otherwise, the DU 2 norm above plays no role. The V 2 space does play a role though, 
namely to allow for better bounds when truncating in modulation. 

The S i and X s type spaces are needed at two crucial points in the article. First, we use 
them to establish the well-posedness of the non-autonomous H\ Schrodinger flow in the next 
section. Secondly, we use them for the bootstrapping estimates in the nonlinear problem in 
Section 8. 
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5.1.7. Restrictions to compact intervals. For the purpose of bootstrap arguments, many of 
our estimates need to be proved first on compact time intervals / = [0,T]. Thus we need 
to define our function spaces also on such intervals. This is done in a standard manner, in 
terms of extensions to the full real line, by setting 

\\f\\ m = mf{\\f ext \\ x ; f ext extends / from / to R} 

where X is any of the spaces previously introduced in this section. In fact, it is only the use 
of the X 0,± 2^ structure at high modulations which requires the use of extensions. 

We say that an extension f ext of / is suitable if ||/ ea: *||^ ~ Some ways of producing 

suitable extensions are described next: 

• For / in Z or Z\ a suitable extension is given by 

{/(a), t < a 

f(t), a<t<b 
f(b), b<t 

• For / in Zq a suitable extension is the zero extension. 

• For / in S, N, S k , N k , l 2 S and l 2 N a suitable extension is the zero extension. 

• For %j) in the spaces SI, l 2 S r , S[, l 2 S^ a suitable extension is obtained by solving the 
homogeneous equation outside I, 

r e -^-°^(o), t < o 

(5.8) tp ext (t) = I i)(t), a<t<b 

{ e l (*-^(T), t>T 
Here a nonzero extension is required due to the high modulation structure of the 
sharp spaces. This high modulation structure is of the form ZL 2 , therefore this 
extension can be thought of as a direct counterpart of the Z extension. 

• For the spaces N%, l 2 N r , iV|, l 2 N$ a suitable extension is the zero extension. This is 
less straightforward, and it involves proving estimates of the type 

(5-9) ||l[o,n^lli a iv« ^ IMIfW 

We outline the proof of (5.9). It suffices to consider its dyadic counterpart. Of all components 
of the Nl norm, only the high modulation part is not trivially stable with respect to time 
truncations. But at high modulation iVjj has a [H~^' 1 + L X )L 2 structure, therefore (5.9) 
follows from an one-dimensional estimate 

IIX[o,T]/||^-i,i +i i ~ II/IIh-^+l 1 
In fact we only need to show ||X[o,T]/|| H -i,i +L i ^ 11/11^--^, n which can be further reduced 

k 

to \\X[o,T]fk\\ H -i,i L1 < 2~2||/ fc || L 2, where f k = P k f and P k are the standard Little-Paley 
projectors. It is obvious that 

\\P>k(X[0,T]fk)\\ H -i < 2~5||/ fc ||La 

so it is enough to show that 

k 

ll-P«fe(X[o,T]/fc)|Ui < 2"2||/ fc || L 2 

k 

But this follows from the straightforward estimate ||-PfcX[o,T]||L 2 ^ 2^2. 
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5.1.8. Relations between spaces. We summarize the relations between the spaces we have 
defined so far, as well as some other simple properties for them, in the following 

Proposition 5.3. a) The following dyadic embeddings hold 

(5.10) fiJcSJC^, N kl NlGNl 

b) The following embeddings hold: 

(5.11) l 2 S* Cl 2 S r Cl 2 S C S, N Cl 2 N dl 2 N\ 

c) Modulation localizations: 

(5-12) WQ^P^Wsi < ((2k-j) + )\\P k ^\\ si 

Proof, a) The first (sequence of) embeddings follows directly from the definitions. The only 

4 

nontrivial part of the second embedding is due to the contribution of the L$ component of 
N at high modulation. There we write on dyadic pieces 

Ll C I}L 2 + L 2 L X C l}L 2 + 2 k L 2 

In the first step we can preserve the frequency localization since by Proposition 4.8 the 
spectral projectors are bounded in all L p spaces. In the second step we use Bernstein's 
inequality, which is valid in our setting due to the kernel bounds (4.40) for the spectral 
projectors. 

b) Given part (a), it remains to show that l 2 S C S and N C l 2 N . By duality it suffices 
to establish the first embedding. By the fixed time almost orthogonality of the P^'s we have 

k&L 

The L 4 norms are similarly easy to add, 

fcez 

which leads to 

I 2 ., < ||,/.||2 



from which H^IU 4 i$ ll^ll^s follows. Finally we consider the local energy norms, for which 
we need to show that 



(5.i3) IMlL<EH p * 



2 

LE k 



By a direct summation in the regions r > 2 k and by summing the better bounds in (5.2) 
in the regions r < 2~ k one obtains 

H r ln(2 + r) Z^*!!^) ~ E llylU 2 (^)+ E ^yll^felU 2 L-(^) 



k>-j k<-j 

k>-j k<-j ^ ' 
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J k\\LE k 



By using the following two estimates on sequences 

\\(52jjr)j>i\\i 2 < !l(afc)fe>ilb 2 , \\C^2^a k ) j& \\i2 < ||(a fc ) fceZ ||/a 
k>j ^ ' k>j 

we obtain the desired estimate (5.13) in the region r > 1. A slight variation of the above 
argument gives also (5.13) in the region r < 1. 

c) From (5.5), ||Q^|| 5 « < \\QiP k ^\\ x0 ,^ < W\\ v *h £ for any j < I < 2k. 

Then (5.12) follows, as there is nothing to prove if j > 2k. 

□ 

5.2. Estimates for the linear H Schrodinger flow. Our main well-posedness result 
concerning the linear H equation is as follows: 

Proposition 5.4. The solution ip to (5.1) satisfies the bound: 

(5.14) U\\p S »<Uo\\l* + \\f\\i*m 

Proof. The bound (5.14) follows by dyadic summation from its frequency localized version: 

(5.15) U\\ sl < + Wfht 

whenever ip is localized at iJ-frequency 2 k . The proof of (5.15) proceeds in several steps: 

STEP 1: Frequency localized local energy decay. Here we consider functions /, i/)q 
which are localized at frequency 2 k , and prove that the solution of (5.1) obeys the following 
bound 



(5-16) U\\ LEk + 2- fc ||^||^ < HVolU* + \\J \\LEi 

Our approach is in the spirit of the one used by the second author in [25], using the positive 
commutator method. 

First we say that a sequence {a n } n£ z is slowly varying if 

| In <Xj - In | < 2~ 10 , Vj G Z. 

Based on such a sequence we introduce the normed space X kya and its dual X' k as follows 



l„ 1 1 2 o2fc||„,||2 | r,k „ o-ilL,l|2 

\u\\ Xkta = 2 \\u\\ L 2 (A< _ k) + 2 ^ afl ] \\u\\ L2(A]) 

j>-k 



\u\\ 2 v 



= 2- 2fc |kllW fc) + 2-^a7^|| M ||i 2(Aj) 

j>-k 

For all slowly varying sequences {a n } n( zz with J2 n a n = 1> we claim that 



(5-17) U\\x k , a + 2- fc ||^|| Xfc , a < \\M\l?li + \\J \\x ka 

Assuming that (5.17) is true, then we can consider another slowly varying sequence {(3 n }nez 
with J2 n @n — 1 and apply the result in (5.17) for {a n + (3 n } ne z to obtain 

U\\x k , a+g + 2- fe ||<9^|k, Q+ , < \\M\l T li + ||/IUu + , 
from which we derive the weaker estimate 

(5-18) U\\x k , a + 2- k \\dMx k , a < + ll/lk,, 
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Since any I 1 sequence can be dominated by a slowly varying sequence with a comparable I 1 
size, we can drop the assumption in (5.18) that a and (3 are slowly varying. By maximizing 
the right-hand side with respect to a G A 1 and by minimizing the left-hand side with respect 
to j3 G I 1 , we obtain (5.16). 

The remaining part of this step is devoted to the proof of (5.17). We start by introducing 
the antisymmetric multiplier 

Qu = X (2 k r)rd r u + rd r ( X (2 k r)u) 

where X will be chosen to be a smooth function related to the slowly varying sequence a n . 
Note that if the problem had a scale invariance then one could rescale it to k — 1 and discard 
the factor of 2 k in the construction of k. But this is not the case for (5.1). 
Using the equation for ip we obtain 

ft [ W, f)ds = ft / (Qip, (id t - H)ip)ds 



o Jo 



= -$*J W, dtrj}) - ft J (Qip, Hip) 
which, by rearranging terms, becomes 

(5.19) -ft J (QijjJ)ds-hs{Qil)Ml = ^ j{Q^Hrj)) 

The right hand side can be expanded as follows 
ft / (Qif>, Hi[>) = ft / {Qip, -Aip + Vip) 



(Qd r tP, d r lP) + ft J ([d r , Q]lP, d r ^j) + ft J (Qip, VlP) 
= ft J ([dr, Q]lP, d r lP) + lj([V, Q]i>, i>) 

where we have used twice the antisymmetry of Q. We now compute the commutators and 
start with the easier one, 

\[V,Q] = -r X (2 k r)drV = X^r)-^! + -^) > 

The other commutator is 

[d r ,Q] = 2(2 k r X '{2 k r) + x(2 fc r))<9 r + (2 k X '(2 k r) + 2 2k r X "(2 k r)) 
We now impose a first condition on the function X 
(5.20) \{r X y\<S(r X )' 

for some < 5 < 1. Using this and the Cauchy-Schwartz inequality we obtain 

ft J(QiP,H^,)> J a k {r){\d r ip\ 2 - 52 2k \i,\ 2 )rdrdt+ l - J [V ,Q}\iP\ 2 rdrdt 
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where afe(r) = x(2 r) + 2 r%'(2 r). Hence, by (5.19) we have 

(5.21) L#S((5.19)) > y"a fc (r)(|^| 2 -52 2fc |^| 2 )rM+^ J {V,Q]\4>\ 2 rdrdt 

We claim that given a slowly varying sequence a n and 5 > we can find x satisfying (5.20), 
so that 

( 5 - 22 ) £ i^hT. r - 2 " 

and the following three fixed time bounds hold for functions localized at frequency 2 k : 
(5-23) \m\\ L 2 < U\\ L2 

(5-24) \m\\x k , a < U\\x k , a 

(5.25) / a k (r)\d r ?p\ 2 rdr + - [ {V ,Q}\ip\ 2 rdrdt > 2 2k [ a k (r)\^\ 2 rdr 

Using these three relations in the above integral estimate we obtain 

ll^ll^<ll^llW + ||^||x„J|/IU U 

when all terms are restricted to the time interval [0, T], but with the a constant independent 
of T. This implies (5.17). 

We now proceed with the construction of x satisfying (5.20), (5.22) and (5.23)-(5.25). We 
first increase a n the so that it remains slowly varying and, in addition, satisfies 

(5.26) a n = 1, for n < n — k; a n ~ 1 

n>nQ—k 

Here no is a positive number to be chosen later. Based on this, we construct a slowly 
varying function a such that 

a(s) « a n if s « 2 n 

and with symbol regularity 

\d k a(s)\ <(l + s )- k a(s) 

Due to the first condition in (5.26) we can take a such that a(s) = 1 for s < 2 n °~ k . We then 
construct the function % by 

s x( s ) = / a(2~ k s)h(s)ds 
Jo 

where h no is a smooth adapted variant of r _1 , namely h no (s) = 1 for r < 2 n ° and /i(s) ~ 
2"o s -i f or s > 2 n ° +1 . One easily verifies the pointwise bounds 

(5.27) X (s) ~ (1 + 2- no s)- 1 , \x (k \s)\ < 2- fcno (l + 2- no s)- fe - 1 , fc < 4 
Furthermore, we have 

(axOO)' = a(2 fc s)/ ino (.) > (1 + 2~ no *)- 1 - 1 |( a *WI < 2^(1 + 2~^s)- 2 

It is a straightforward exercise to verify that x satisfies (5.22). Furthermore, by taking no 
large enough, depending on 5, we insure that x satisfies also the bound (5.20). 
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Next we turn our attention to the estimates (5.23)-(5.25). For proving (5.23)-(5.24) we 
start by rearranging 

Qip = 2 X (2 k r)rd r ip + 2 k r X '(2 k r)^ 
and using (5.27) we obtain \2 k rx'(2 k r)\ < 1 therefore 

\\2 k r X '(2 k r)ij\\ L i < ||^|| L2 , \\2 k r X ' {2 k r)^\\ Xka < \\^\\ Xka 

Using again (5.27), we conclude the proof of (5.23)-(5.24) by showing that 

(5.28) \\x(2 k r)rd r i;\\ L , < \\^\\ L2 , \\ X {2 k r)rdMx k , a < |Mk, Q 

Since ip is localized at frequency 2 k we use an operator P k as in Proposition 4.8, localizing 
at frequency 2 k and such that P k ip = ip. Then we use the characterization of d r K k (r, s) from 
(4.41) for the kernel K k of P k ; precisely, by (4.41) and (5.27) we obtain 

2 2k 

\ X (2 k r)rd r K k (r,s)\ < (1 + 2 , |r _ ^ + 2 , (r + g)) 

Then (5.28) follows since the above kernel has rapid off-diagonal decay while the weights a k 
are slowly varying. 

For (5.25) we claim the following estimate 

(5.29) / a k (r)\L*ifj(r)\ 2 rdr > 2 2k / a k (r)\^(r)\ 2 rdr 



Assuming (5.29), we can now complete the argument for (5.25). We write 

dri , = _ L *^ + hzlj, = —L*ip - 



r r(r 2 + 1) 

which shows that 

Since a k (r) < (1 + 2 k r)~ 1 « x(2 fc r), it follows that 

a k (r)\L^(r)\ 2 rdr < j a k (r)\d r iP\ 2 rdr + ^ j[V,Q}\^\ 2 

Thus (5.29) implies (5.16). 

We finish this subsection with the proof of (5.29). For this we write ip in terms of L*%p as 

V = P k ^ = PkH~ l LL*ijj = {L~ l P k )*L*il) 

where the kernel Kl(r, s) of L~ l P k was estimated in Proposition 4.8(b). We need to distin- 
guish two cases: 

i) k > 0. Then, by (4.42), K\ satisfies the symmetric bound 

\K l (r <t)\ < - 

1 kK ' )l ~ (1 + 2 k \r - s\) N (l + 2 k (r + s)) 

and (5.29) directly follows. 

ii) k < 0. The regular part K\ reg still satisfies the above bound, and causes no difficulties. 
For the resonant part K\ res we use (4.43) to derive the estimate 

liC 1 (r s)\ < hl{r) 1 

I k,res\ , )\ ~ k{l + 2 k r) N {l + 2 k s) N 
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which has a 2 k bound from L 2 — > L 2 and decays rapidly above the r, s = 2 k threshold. 
Thus (5.29) again follows. 

STEP 2: A dyadic L A L^° bound for the homogeneous problem 

Here we establish the bound 

(5-30) ^U\\LiL^{A <k ) + SUp 24||V|| L 4 £ ,„ ( ^ ) < ||^o|Ua 

3>-k 

for tpo localized at frequency 2 k . The first term is easily bounded by interpolating between 
(5.3) and (5.2). Consider now j > —k, and Xj a smooth bump function supported in Aj. 
The function tf>j = Xj^ solves the equation 

(id t - H)iftj = 2d r x jd r ip + 5xj • V : = fj 
From the local energy decay estimate for ip we obtain the following bounds 

11^(0)11^+2^11^11^+2^11^11^ <\\m\w 

We conjugate by and set Vj(t,r) = r^ipj. A direct computation shows that Vj solves a 
one dimensional Schrodinger equation 

(idt ~ d 2 r ) Vj = r*/j + (r~ 2 + V(r))vj := gj 

where 

\\ Vj (0)\\ L 2 + 2^\\v 3 \\ L 2 + 2^||^|| L2 < ||^(0)|| L2 

Applying the one dimensional L 4 L°° Strichartz estimate over each time interval of size 2 3 ~ k 
we obtain 

Returning to x/i this yields 

!I^IU^ ( ^. ) <2-i|^(o)|| L2 

Hence (5.30) is proved. 

STEP 3: The dyadic L 4 bound for the homogeneous problem 

Here we establish the bound 



(5-31) U\\ Lt < W(0)\\» 

for ip localized at frequency 2 k . The L 4 bound in Aj with j < —k follows from the first 
term in (5.30) by Holder's inequality. The L 4 bound in Aj with j > —k is obtained by 
interpolating between the L 4 L°° bound in the second term in (5.30), the L 2 tx bound in LEk 
and the L°°L 2 energy estimate. 

STEP 4: The role of the U p and V p spaces Here we show that 

(5-32) U\\s k nV>L* £ \\m\\L* + \\f\\N k+ DU%L> 

By Steps 1 and 3 we know that for the homogeneous problem we have 

(5-33) Uhu < WMv, / = o 

which implies (5.32) in this case. By duality this shows that for the inhomogeneous problem 
we have 

(5-34) IHIm < + ||/lk 
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Applying (5.33) for each step of each U 2 atom, we further obtain 



(5-35) \\ip\\ Sk < \m\uj.& 

which suffices for / G DU^L 2 . It remains to consider / G N}~, which we further split in two. 

4 

i) / G L 'l -j-L 1 ]!/ 2 . For any partition M = Uij of the time interval into subintervals we have 

£ll/||* 4 SH/U% 
which combined to (5.34) yields 



* < „ 
V?L2 rv !W " L 3 +L i L 2 



H * 

r2 



Since 1/ 3 c [/ , the proof is concluded in this case. 

ii) / G LEf.. By Step 1 we have the LE^ and L°°L 2 bounds for ijj. On the other hand 
arguing as in case (i) above we obtain 



IviL 2 < \\J\\LE* 



This concludes the proof since V C U , and we have the following variation of (5.35), 



(5-36) II^IUi < \m\u%& 

STEP 5: The high modulation bound. Given (5.32), to conclude the proof of the 
proposition it remains to prove the high modulation bound 

\\Q>2ki>\\ whl ^ +±0 ^,i < \\Q>2kf\\ L i L2+ x*,-h^ 
This is straightforward; details are left for the reader. □ 

6. The time dependent linear evolution 
Here we consider the linear equation 

(6.1) (id t -H x )u = f, u(0) = u 
where 

H=-A + V>, V X = r2(1 + 4 AV2) 

In the space L 2 this can be viewed as a small perturbation of the A = 1 problem in (5.1): 

Proposition 6.1. Assume that \X — *C 1. Then the equation (6.1) is well-posed in L 2 , 
and the following bound holds: 

(6.2) h\\iw<\Hmv + \\fh N t 

Proof. Since \V X - Vx\ < |A - 1|(1 + r 2 )" 2 it follows that 

\\(V x -Vx)h\\ LE * < \\h\\ LE 
Therefore we can rewrite the (6.1) as 

(idt - H)u = (V x - V x )u + /, u(0) = u 
and treat the (V\ — Vx) 11 SIS Sb perturbation. The result follows then from (5.14). 

□ 
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Our main goal in this section is to study the equation (6.1) in the smaller space LX. The 
condition ||A — 1||l°° 1 is no longer sufficient for the analysis in LX. Instead we use the 
stronger topology Z for A (see Section 5.1.3), and work with 

(6.3) ||A-1|U<7<1 

Our aim will be achieved in two steps. 

• The spaces of type l 2 S^, Z 2 iV" associated to the A = 1 flow are not robust enough 
for the variable A flow. Hence we introduce some modified spaces WS*[A], WW" [A] 
adapted to the time dependent frame. To simplify some of the analysis, we also 
provide some partial characterizations of functions in WS^A] and WW" [A] with respect 
to the time independent frame A = 1. 

• We prove that if (6.3) holds, then the evolution (6.1) is globally well-posed for initial 
data in LX and inhomogeneous term in WW" [A], and the solution ip is uniformly 
bounded in LX, and further it belongs to W 7 5'"[A]. 

6.1. The spaces W 7 5'"[A], WW" [A]. Here we define the [A] type spaces as counterparts of 
the spaces from the previous section which take into account time-variable Littlewood-Paley 
projectors. We begin as usual with a dyadic decomposition, but with respect to the A 
dependent frame, 

k 

For X 6 {S, N, Sfl, TV"} we define the space l 2 X[X] with norm 





l 2 X[\\ = 

This gives rise to the spaces /^[A], l 2 N[X], l 2 S^[X], Z 2 iV"[A] which correspond to L 2 initial 
data in (6.1). For LX initial data, on the other hand, we need to replace the I 2 dyadic 
summation with the same summation as in the LX norm. Hence we define 

fc<0 1 1 \fe>0 

All of the above spaces Z 2 ^[A] and W#[A] have their finite time interval counterpart l 2 X[X](I) 
and W / A'[A](/), which are obtained by using l 2 X(I) instead of l 2 X in the above definitions. 
We especially remark that they are not obtained by restricting to / a similar class of functions 
over the entire real line; such a definition would be dependent on specifying an extension 
of A, which we wish to avoid. The spaces WS"" [A] , WW" [A] play a fundamental role in our 
analysis. 

We remark that the functions P^ip are frequency localized in the time dependent frame 
but not in the fixed A = 1 frame. This will cause considerable technical difficulties later on. 
Because of this, it is useful to transfer as much information as possible back to the fixed 
frame. 



Proposition 6.2 (Characterizations of WS^fA] and WW" [A] functions). Suppose that X takes 
values in a compact subset of (0, oo). Then 
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\Pk1>\\PS 



a) The following S type norms are equivalent: 
(6.4) 

as well as 

(6.5) N'II/ 2 5[a] ~ \m\ps7 \m\pNi\] ~ \m\pN 

Furthermore, we have the improved local energy decay 



Pk9\\PN 



\Pk9\\N k 



WS[X] 



WS[1]- 



(6.6) 



< 



|w5tt[A] 



L- 



(r) 2 ln(l + r) 

b) Assume in addition that A — 1 G Z. Then the following inclusions hold: 

(6.7) WS^X] c WS r [l] 

(6.8) WN r [l] c WN*[X] 

We remark that all of the above bounds with the exception of (6.7) also hold trivially in 
any interval; this is because all the norms involved can be measured in an interval by taking 
the zero extension outside it. The bound (6.7) also holds in any interval, but this is a more 
delicate matter which we will only be able to consider after we prove Proposition 6.3 below. 

Proof. The estimate (6.4). This is trivial if A = 1. Otherwise, by definition, 



\i 2 s 



Elavil 



2 

Si 



If \j — k\ < 1 then the S k and Sj norms are equivalent, and the multipliers Pj are bounded 
in Sk- Thus we have 



(6.9) \\PjPMs k < WPjPMs, < \\PMs k , \j -k\<l 

Consider now the case \j — k\ ^> 1. We write PjP k = PjP£P£. For the kernel Kjk(r, s) of 
PjP£ we use the estimate (4.49). Then a direct computation shows that 

20- fc )"2- Ar ( fc+ +J' + ) 



\PjPMs, < 



(6.10) 



(k-)(r) 



\PMs k , 



\PjPkns k r. 



< \\Pu\ 



(k-)(r) 

We use (6.9) and (6.10) to conclude the proof of the first estimate in (6.4). On one hand we 



have 



\Punis 



< a + E(^)" 2 0'~)" 22 ~ 2iV(fc++J+) )ii p ^ii^ s w p > 



\s k 



Conversely, we denote the separation threshold by k and compute 



\PjPMs k 



|j— fc|<fco 



+ £ 

\j— k\>ko 

<c k0 \\P^\\ l 2 S + 2^\\P^\\ Sk 
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P^\\s k 



By appropriately adjusting ko, the last term on the right can be absorbed by the the first 
term ||P^||s fe , thus giving us the reverse inequality 

This completes the proof of the first estimate in (6.4). The second follows from a similar 
argument. 

The estimate (6.6). The proof of (6.6) is almost identical to the proof of (5.11). The 
fact that A is not equal to 1 makes no difference there. 

The estimates (6.5). We only prove the third bound, which is more important in this 
article. The first two are similar but simpler. The proofs of the two inclusions are identical, 
so it suffices to show one of them, say WS^A] C WS^l]. For fixed frequency j we decompose 
into a diagonal and an off-diagonal part 

(6.11) Ptf= Pj P k^+ E := (^)diag + (P^)offd 

For the diagonal part it suffices to use the Sj boundedness of Pj. For the off-diagonal part 
we use the first part of (6.10) to obtain 

2 { j -k)- 2 -N(k++j+) 

\\(P^)om\\ Sj < £ !inV!k+ E — nP)?-] — imvik 

\k-j\<l \k-j\>l [ nJ ' 

To conclude it suffices to sum up the second term on the right with respect to j and the 
weights (i - ) -1 - Indeed we have 

n-j~ 9~3~ 0{j-k)- -N(k+ 

E^IIWUlk £ Ey^yE {k - m H^lk 

J J k 



k 



~ E gpp ll^Vlk < ii 



where (6.4) was used in the last step. 

The estimate (6.7). Given (6.5), it remains to bound the additional high modulation 
component in the S r [l] norm. We decompose Pjip again as in (6.11). The diagonal part is 
estimated directly in Sj. The nontrivial part of the argument is to estimate the off-diagonal 
part. For these we decompose further 

Q>2j{Pjf)ott&= E E Q^jPjPk PhPhPk f 

The definition of W / 5 , "[A] gives us good estimates on PhP^f m and, after applying the 
operator PjP^P^, we need to estimate the (high modulation) output in (X '^' 1 + W l,1 )L 2 = 
ZL 2 . For the kernel of PjP^Ph we use the representation in Proposition 4.14 (a) or 
(b). Hence it suffices to consider kernels of the form 

K jk h(r, s) = c jk hg{X)<f>j{r)<f>h{s) 
where |</>j(r)| < 2- J (l + 2 Jl r) _7V , and similarly for For such Kj^h we write 

p,P k x P h p h fp k x f = CjuaWhWfaPjjPtf) 
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< £ IUVU/IU 



no 

k,h 



We first estimate the last inner product. Globally we use local energy to obtain 

IK^p^lb < 2- ft ||P,p fe A /|U Bh 

while at high modulation we have 

\\Q>2 h {<f>h,P h P£f)h < \\Q>2hPhP£f\\ Z L* 

Combining the last two estimates we obtain 

\\(^P h P^)\\ z <\\P h P^f\\ si 

Due to the Z algebra property this bound is not affected by multiplication by g(A). Esti- 
mating in L 2 we obtain 

(6-12) \\Q > 3 j P j P£hPkP£fhv> < c jkh \\P h P k x f\\ sl 

where the modulation truncation Q >2 j was harmlessly added at the end. Hence in order to 
estimate the high modulation component of ||/||w'5 r [i] we a dd up the dyadic pieces 

> 2 _:; ~ \ ^ 2~- 7 ~ 

J—r\\Q>2j(Pjf)oSd\\zL 2 ^ 2 < T—\ C jkh\\PhPkf\\sl 
3 V ' 3,k,h U ' 

2~k~ -\k-h\-N {k+ +h+) 

2~k~-Nk+ 

(k-y 

which completes the proof. 

The estimate (6.8). We need to show that for / at frequency h < and modulation 
a > 2h we have 

(6-13) WfWwNHx] < K^Wfh 2 

We decompose / as follows, 

/ = fo + fl + / 2 + / 3 , fi = P 3 P k P hf 

k,j<=Ai 

A = {\j - k\ > 1, | A; - h\ > 1}, Ai = {\j -k\<l, \k-h\^> 1} 

A 2 = {\j - k\ » 1, |A; - h\ < 1}, ^ 3 = {\j ~ k\ <l,\k-h\< 1} 

For indices in the set Aq we have the representation of PjP^Ph given in Proposition 4.14(a), 
as a rapidly convergent series of operators of the form 

T jkh = c jkh g(X)(l)j(r){(j)h(s), ■) 
with Cjkh as in (4.51). For the inner product we have 

< 



< (U-\2 W P kf\\l 2 St ^ II 



k 



\(M s )J)\\l* 



which immediately leads to 



2-\j-k\-\k-h\-N{j++k++h+) 

iPjPihfw^+npjPkhfWLE; < — (j - )(fc - )2(/ ,- ) — n/iU 2 
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We will use the LE* bound at high frequencies, 2j > a — 8. For smaller frequencies we use 
the L 2 bound at high modulation (> a — A). For low modulations we instead obtain an L 1 L 2 
bound. Here the idea is that / is localized at high modulation, and the only way to arrive 
to low modulations is to use high modulations of g(X). Precisely we have 

Q^PjP^Phf = ^2cjkhlQ>a~2g(^)]<fij(r)(4>h(s), f) 

Since g(X) E Z, we have ||Q >(T _2g(A)||£2 < 2~°l 2 . Hence we arrive at 

2~\j~k\-\k-h\-N(j++k++h+) 

WQ^PjP^fWw < 2-f {r){k ^ )2{h ^ Wfh* 

Thus in all cases it follows that 

2-\j-k\-\k-h\-N(j++k++h+) 

\\P^P h f\\ N] < min{2-^2-f } {j - ){k ^2 {h ^ U/H* 



Summing up, we obtain for f 

o->™ 1 " J o-><*-> 2 <*-> 



2~i 2~\i- k \-\ k - h \- N (i ++k++h+ ) 
\\h\\wm[X] < ^ — min{2^,2-f} ______ ||/|| £a 



_ _ 0-3 „ (h — j\9^3-h\-N(j++h+) 

< ^^^ {2 -, 2 -f } <^L^_ ll/IU" 

n-h-Nh+ 

z 2_I ^FF II/IU2 

which is slightly stronger than needed. 

For the terms in f\ and f 2 the computation is almost identical. Using (4.52) instead of 
(4.51) we obtain 

2-\3-h\-N(j++h+) 

\\PjP£Phf\\ N t <min{2-^2-7} ||/|| L2 

The summation with respect to k is trivial in this case. The j summation is as above, and 
we obtain 

2~h-Nh+ 
||/o||wtt[A] ^ 2_ 2 ^—p- ll/H L 2 

Finally, we consider the last component of /. Owing to the different form of (4.53), in 
this case we do not have the option of using any local energy decay estimate. The first part 
of PjP^Ph is essentially the identity, but does not depend on A so the high modulations are 
preserved, 

\\PiPkhf\\^<^zr2-i\\f\\^ 

For the second part we have the product of a time independent L 2 bounded operator with 
g(X), so we can apply the same L X L 2 estimate as above for low modulations. We obtain 

2~ h a 2~ h+ 



\P^ - P k )P h f\\ N , < ^y2-2 || j 



In both cases the k and j summations are trivial, so the proof is concluded. □ 
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6.2. The time dependent linear flow. We are now ready to consider the well-posedness 
of the equation (6.1) in the smaller space LX. 

Proposition 6.3. Let A be as in (6.3). Then the equation (6.1) is well-posed in LX , and 
the following estimate holds: 

(6-14) ll^ll^[A]<ll^(0)|U 2 + |bllw»[A] 

Proof. For ip solving (6.1) we consider its dyadic decomposition 

To write an equation for ipk we use the transference operator described earlier in Proposi- 
tion 4.9, 

For P£ = F^XkF\ we compute 

Hence the FT of the components ipk solve the equations 

A' 

(id t - H x )^ k = i—j^llfC, Xkl^x^P + 9k 

After a further dyadic decomposition on the right, we obtain the infinite coupled system 

V 

A' 

j 

For the left hand side we use Proposition 6.1 to treat each equation in this system in L 2 where 
H\ can be viewed as a small perturbation of H. We claim that the first term = ^ . K^-ipj 
in the right hand side is perturbative, 

( 6 - 16 ) Ei|iiMi^+ (EiimiH <<E^im^ + (E 

fc<0 1 1 \fc>0 / fc<0 1 1 \fc>0 

This is a consequence of the following estimate: 

(6-17) WKl^jWpxt < jakjWipjWpst 

where 

= r wz^ 1 + 2J + ^ if \ k - ft » x ' a *i = /I w ■ \ if I* - ~ 1 

It is easy to see that (6.17) implies (6.16). Harmlessly neglecting the case when either 

j > or k > 0, where we have rapid decay or \k — j\ « 1 which sums directly, it suffices to 
verify that for j < we have 

\- 1 < 1 

2^ 2 k (k) ak3 ~ 2^(j) 
fc<0 w w/ 



(6.15) (i$ - tf A )^ = ]T if* ^ + <? fc , = 4-F A *[X; Xfc]Xj^A« 



But this is straightforward. 
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It remains to prove (6.17). The Fourier kernel of K^- in the H\ frame (i.e. the kernel of 
JFxK^-JF^) has the form X'Ch where 

The simpler case is when \k — j\ ^> 1; then Cjy is dyadically localized in its two arguments 
at frequency 2 k , respectively 1\ has size (see Proposition 4.9) 

O-Mi-lfc-jl 

(6.18) \m<WWl£k + vdr,) d C^\ < (1 + 2 k + 2T N . 



The other case is when \k — j\ < 1. Then t] is still localized at frequency 2 J but £ ranges 
over all the positive real axis. In this case we decompose smoothly 

(6.19) c* = X)q& c^(e^) = xKOCfcCe,*?) 

Then CjM has the same size and regularity as Ch above in the case \l — j\ 3> 1. 
If | Z — jf" | < 1, by Proposition 4.9, we have that 

(6 2Q) l?X W + < -^y, k < 

\Ox%W& + ^"Cgl £ 2^ 2fc (£ - r})- N , k > 

where a, d, JV e N and o + c < 2. 
Our main l 2 S$ — >■ bound is: 

Lemma 6.4. Lei A fre as m (6.3). Let K^- be an operator whose Fourier kernel in the H\ 
frame has the form A'Cjy(A, £, 77) where C° - dyadically localized in the region £ « 2 fc , 77 « 2 J 
and satisfies the uniform bounds (6.18) z/ |fc — j\ ^> 1 ana 1 (6.20) if \k — j\ < 1, then 

(6-21) KjpsiUfW £ 7*%- 



By (6.18), this implies (6.17) directly \k— j\ ^> 1, and after an / summation corresponding 
to the decomposition (6.19) if \k — j\ < 1. The proof of Proposition 6.3 is concluded. □ 

Proof of Lemma 6.4- The first step in the proof is to reduce the problem to the case when 
the Fourier kernel of K^ - in the Hi frame is as in the lemma. To switch from the H\ frame 
to the Hi frame we write 

K % = E p ^ K kjPh ■= E 1 

where the Fourier kernels C^. 1 / 1 of K^ 1 are the kernels of 

For the operator J^iJ^x an d its adjoint above we use Proposition 4.10. Thus the bounds for 
C£j J1 are the bounds for Cjy corrected on the right hand side with the factor a^ 1 = a^af 
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where 

1 l*-A;i|<l 



(k-){K) 



\k - fcil > 1 



Suppose we know that the lemma applies for the operators K^ 1 then it is easily seen that 
it also applies to K^ - since 

It remains to prove the lemma in the simpler case where the Fourier kernel of ifjL is given 
in the H\ frame. 

If \k-j\ > 1, by separating the variables A, £ and rj in Cjy we reduce the problem to the 
case when the kernel C° ■ has the form 

where Xk and Xj represent smooth unit bumps with dyadic localization. With these nota- 
tions, the operator takes the form 

K kj u i = X'gW^ki^j.Uj) (p k = T*Xk, 4>j = F*Xj 
For 0^ and <pj we have the bound (4.11) which we repeat here for convenience, 

(6.22) \Mr)\ <2T(i + 2 fc r)-" 

In particular we have the bounds 

(6-23) Uk\\ L ?<2^ \\</> j \\i^<2i 

as well as 

(6-24) \\M\LE k <2-i||/|U,, \\M\lez <2-i\\f\\» 

where / represents a function of time. 

If \k — j\ < 1 and fc < 0, then we separate the variable A and write 

C% j {\,£,r,) = g(\)G(t,r,) 

where G is dyadically localized at £ ~ 2 fc and 77 ~ 2- J , and has size conditions 

(6-25) |(^) a (j)3/G(^)| < A^, a + (3<2 

If |fc — j I < 1 and lc>0, then the fast decay away from the diagonal allows us to simplify 
the problem to the case 

where the sum runs over the positive integers ~ 2 k and G n satisfies 

(6.26) \%dPG n {t rj)\ < 2" 2fc (£ - n)- N ( V - n)~ N , a + P<2 

Since A belongs to the algebra Z, we can further simplify the expression X'g(X) occurring 
in K®j and simply replace it by A'. By the definition of the space Z we have two possibilities 
to consider: 
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Case A: A G W 1,1 . This is the easier case. Then ||A'||£i < 7 therefore by (6.23) we obtain 



(6-27) WK^Ww < T^KIUcoy. 



which suffices for (6.21). 

Case B: A G if* 1 . In this case we split A into a low frequency part and a high frequency 
part, 

A = A< mo+4 + A >mo+4 , m = 2max{fc, j} 

Case Bl: The contribution of A< mo+ 4. The low frequency part of A' satisfies a favorable 
L 2 bound 

l|A< mo+4 ||^ < 72 2 

Suppose \j — k\ ^> 1. Using (6.24) for (pk, (6.23) for <pj and the energy of Uj we obtain 

rn.Q—k-\-j 

\\ K kj u i\\i 2 LE* <72 2 

which is favorable if j < k. In the opposite case j > k we use (6.24) for <pj and (6.23) for 
to obtain the better dual type bound 

ll^fcjWjlU 1 ^ 2 ~72 2 IFjIIple 
Consider now the case \j — k\ < 1 and k < 0. There we have 



For / we can use (6.25) to estimate up to two derivatives at fixed time 



2-1 



(Ar) 

Then a variation of Proposition 4.11 shows that 

2 k 



|/(t,r)|<- = pm fe (r)(l + 2V)^|K-(t)|| L2 



which allows us to estimate 

2 -k 



K% jUj \\ LE * < || A< mo+4 1| L*jpy \\uj(t)\\ LO o L 2 < n/a kj \\uj(t)\\ LOOL 2 



In the case \j — k\ < 1 and > we have 

'° 71 - — V 

L fcj"j ~~ /v <m +4 



For / n we can use (6.26) to estimate up to two derivatives at fixed time 

\d?f n (t,0\ < 2""<£ - nr N \\ Uj (t)\\ L z, a < 2 
Then a variation of Proposition 4.11 shows that 

\fn{t,r)\ <m k (r)(l + 2 k ryi\\u 3 (t)\\ L , 
which allows us to estimate 

WK^Wle* < ||A'< mo+4 || L2 X;il/n|k^ <72 fe ^2^||n,(t)||^ L2 <7||«i(*)||i-L» 

n n 
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where we have used that the range of summation has cardinal ~ 2 k . 

Case B2: The contribution of X m , m > mo + 4. The idea in this case is that a large 
modulation for A forces either a large modulation in the input or a large modulation in the 
output. Precisely, if |A; — j\ >> 1 then we have 

Ki4>k(4>jUj) = <5 >m _ 4 (A / m 0fc(0j,u i )) + A^0fe(0 j ,Q> m _4Wj) 

- <2>m-4(A^0fc(0j, Q >m -4Uj)) 

The first (as well as the last) term is at high modulation so it suffices to bound it in L 2 , 

\\Q >m -4(X' m (f>k{<f>j,Uj))\\L^ < 2^||A^|| L 2||m j -|| L oo L 2 < 72"^2T||uj|| i oo i a 

On the other hand in the second term the function Uj is restricted to high modulations, 
where we have a good L 2 bound: 

ll^m^fc(^>Q>m-4«i)|UiZ,2 ^ 2^ 2 ||A^|| L 2||Q >m _ 4 n i || i 2 < 7 2 ^IK'|| S « 

A similar argument also applies for \k — j\ < 1. The proof of the lemma is concluded. □ 

The global in time result in the previous proposition easily implies its compact interval 
counterpart: 

Corollary 6.5. Let T > and A so that 

(6.28) l|A-l|U([o,n)<7<l 
Then the solution of (6.1) in [0, T] satisfies: 

(6-29) IMIws*[A][o,2i ^ Il^(0)||i2 + \\g\\wNt[\][o,T] 

Proof. Consider an admissible extension X ext for A in Z, so that 

l|A ex "-l||z<7«l 
Consider also the zero extension g ext of g. This satisfies 

II „ eX t II <~ II n II 

\\g ||wtt[A e **] ~ llfi'llwWtt[A][0,T] 

Now solve (6.1) with \ ext , g ext instead of A, g. By the previous proposition this yields a 
global solution ip satisfying 

!Mlws»[A-*] ^ ||^(0) \\u* + |b|UiV«[A][0,T] 
The conclusion follows by restricting ip to the time interval [0, T]. □ 

Proposition 6.3 also allows us to prove the interval counterpart to (6.7): 
Corollary 6.6. Let I be an interval and A with 

l|A-l|U(/) <7<1 

Then the following inclusion holds: 

(6.30) WS*[\]{I) C WS r [l](I) 
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Proof. Set I = [a, b]. Consider an admissible extension \ ext for A in Z. Given ip e W / 5' tt [A](/), 
we extend it to the real line solution to 

(id t - H x ^t)ip = inR\7, 

matching Cauchy data at t — a, b. By the previous corollary we have 

IMIwsrc[A«*](-oo,a) + IMIwS»[A«*](&>°°) ^ ||^(a)||zjf + H^WlUx < | M I WSf« [A] (I) 

Due to the Cauchy data matching at t = a, b this implies the global bound 

< 



\WS»[X](I) 

Now we apply (6.7) to obtain 

IIV'IIwsia^*] ^ IMIws-ntAKJ) 
The conclusion follows by restricting the LHS to 7. □ 

6.3. The autonomous vs nonautonomous flow. Here, under a suitable L 2 smallness 
condition, we show that the solution to the non-autonomous homogeneous equation 

(6.31) {id t - 77 A )^ = 0, ^(0) = </>o 

stays close to the solution of the corresponding autonomous homogeneous equation 

(6.32) {id t ~ 77)^ = 0, ^(0) = 
Proposition 6.7. Let A be as in (6.3). Suppose that 

(6.33) ||^(0)|Ux<l, ||^(0)|U2 <e«l. 
Then the solutions to (6.31) and (6.32) stay close, 

(6.34) ||^_^|| LOOLX <|l oge |-i 

Proof. From the 7 2 bound for the initial data we obtain 

5<e, H\\s<e 



Because of the L 2 bounds above we have 

\\P>[l oge ]1p\\L~LX < I l0ge| _1 , \\P>[\o g e]^\\L^LX < | loge]" 1 

so it remains to consider the low frequencies. For k < log e we will compare 

ip k = Pfy, ^ k = P k ip 
With the notations from the proof of Proposition 6.3, we have the following system for {ipk} 

{id t ~ 77 A )^ fe = K l$j ■= 9k 
j 

By (6.17), using the L 2 bound for frequencies larger than e and the LX bound for frequencies 
smaller than e we obtain 

1 



(6-35) E W 



\9h\\pm < 



2*|fcr JV " ~ I log el 



For the initial data we claim to have a similar relation 
(6-36) £ JrrMk{Q)-MQ)\\^< 



2k\k\ UT ^ ' n ^ ~ llogel 
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To prove this we write 

j,h 

and use Proposition 4.14 to estimate each term, 

k<\oge j,h h fe<loge 

i 2~\ k ~ h \- Nh+ 

i i n-Nh+ 

- E ^iuwjii* + E ^i^i^wi" 

h<loge 1 1 h>loge 101 v ' 

Hence (6.36) follows. 

Finally we consider the effect of the change in the potential, 

(6-37) \\(y x - V)M\lb> < ^\\M\LE k < ^MhUle 

(see (6.4) and (5.2)). Thus, comparing tpk and ipk along the H flow we obtain 

("8) E^-«^^ii 

We need to turn this into an L°°LX bound. We will use only the L°°L 2 part of the S norm. 
At fixed time we write 

Uk - M\lx < 2k\k\\\Pk(A ~ $k)\\& + 11(1 " h)M\LX 

For the second term we use Proposition 4.10. We obtain 

ll^fc - M\lx < 2^fc| "^ fe ~ ^ fc " L2 + ¥\k^ WMW 
which combined with (6.38) leads to 



E HVfc ~M\lx < — 



fc<log e 

The proof is concluded. 



loge 



□ 



7. Analysis of the gauge elements in X, LX 



In Section 3 we have studied the forward transition from the Schrodinger map u to its 
Coulomb gauge v, w, its coordinates ipi, ip2, A 2 and finally to its reduced field ip in the setup 
where \\u — Q\\hi <7<1, which corresponds to ip G L 2 . However, the reverse process is 
not uniquely determined in this context. The easiest way to see this is that if ij) — then 
all we can say is that u is one of the solitons Q a ,x- In some sense, this is the only possible 
ambiguity. 
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Here we consider again the transition between u and its reduced field ip but in the more 
regular setting where u — Q G X and ip G LX. An advantage in doing this is that it allows 
us to impose a natural boundary condition at infinity for the system (3.31), namely 

(7.1) limA 2 = l, fa-ihxEX 

We will see that on one hand this condition is dynamically preserved along the Schrodinger 
map flow, while, on the other hand, it allows for an unique identification of u in terms of 
We remark that, in view of (1.7), this condition is satisfied for maps u for which u — Q G L 2 . 
The main result of this section is as follows: 

Theorem 7.1. a) Let u : IR 2 — > S 2 be an 1-equivariant map which satisfies \\u — QWfti <C 1 
and \\u — Q\\x < 7 <S 1- Then the Coulomb gauge constructed in Section 3 satisfies the 
additional properties 

(7.2) \\v-V\\x + \\w-W\\ x < 7 

(7.3) ll^s - t^llx + 11^3 - W" 3 |U < 7 

(7.4) \\^2 - ihi\\x + \\A 2 - h 3 \\ x < 1 

(7-5) IMUx<7 

Furthermore, the map from u — Q G X to ip G LX is of class C 1 . 

b) Let ip : M 2 — C be a function which satisfies H^lUx < 7 < 1. Then there exists an 
unique 1-equivariant map u : M? — > S 2 satisfying 

(7-6) \\u-Q\\x<l 

so that i/j is the reduced field for u, and the map from ip G LX to u — Q G X is of class C 1 . 
Furthermore, the uniqueness of u is also valid in the class of maps u with \\u — Q\\hi 1 
which satisfy the additional qualitative condition u — Q G L 2 . 

As a quick reminder, V,W,Q were introduced in (3.18), and V3, W3 stand for the third 
component of the vectors V, respectively W. 

The plan of this section is as follows. We first prepare for the proof with an ODE result 
which will be applied later to the system for the orthogonal matrix O = (v, w, u) in both parts 

(a) and (b). Then we prove part (a) in two stages, beginning with the ODE construction 
of O and continuing with the algebraic derivation of ^2,^2 and ip. Finally, we prove part 

(b) also in two stages, namely the recovery of ("02, ^2) via the ODE system (3.31) with the 
boundary condition (7.1), and then a second ODE construction for the matrix O. 

7.1. An ODE result. 
Lemma 7.2. Consider the ODE 

(7.7) d r Z = NZ + F, lim Z(r) = 

If N is small in d r X then the above equation has a unique solution Z G X satisfying 
(7-8) < 



Furthermore, the map from N,F G d r X to Z G X is analytic. 
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Proof. The solution Z is obtained via a Picard iteration in the space X. Indeed, the results 
of Lemma 4.7 show that 

\\NZ + F\\ drX <\\N\\ drX \\Zy + \\F\\ drJi 
and the convergence of the iterations is insured due to the smallness of ||iV|| 9 x . □ 

7.2. The transition from u to (v,w). We use the equation (3.16) for the matrix O = 
(v, w, u), namely 

(7.9) d r O = M{u)0, C(oo) = 7 3 , M{u) = d r uAu 
If u = Q them M(u) has the form 

/ \ 

(7.10) M(Q) = 0] 
For the difference we claim that 

(7.H) \\M(u)-M(Q)\\ drX <\\u-Q\\ x 
Indeed, we write 

M(u) - M(Q) = d r (u - Q) A (u - Q) + 2d r (u - Q) A Q + d r (Q A (u - Q)) . 

For the first term we use (4.34) and for the second we use (4.33). For the third term we have 

Q A (u - Q) = k A (u - Q) + (Q - k) A (u - Q) 

where the first term is trivially in X while the second belongs to H\ C X due to the r~ l 
decay of Q — k at infinity. Hence (7.11) is proved. 

Returning to (7.9), we start with the solution Oq for the case u — Q, which is given by 

/ h 3 h x \ 

(7.12) O =[ 10, Oq 1 = 0\ 

V -h ha J 

Then we write the solution to (7.9) is of the form 

(7.13) O(r) = O (r)(I + Y(r)) 
where Y solves the differential equation 

(7.14) 8 r Y = NY + G, O(oo) =0 N = G = Oq\M{u) - M{Q))0. 

The bound (7.11) combined with (4.33) shows that we can apply Lemma 7.2 for Y. The 
bound (7.2) follows after another application of (4.33). 

For the extra improvement in (7.3) we still need to estimate Hr" 1 -^!!^ and ||r — 1 zZ} 3 1| ^2 . 
Consider for instance the latter. Writing 

w 3 = u x v 2 - u 2 v x = (ui - h x )v 2 - u 2 Vi + hiv 2 

the desired bound easily follows. 
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7.3. The transition from (u,v,w) to ip 2 ,A 2 and ip. By (3.13), the bound (7.4) for ijj 2 is 
exactly (7.3), while by (3.12), the bound (7.4) for A 2 follows from the hypothesis. 

It remains to consider ip, which is represented as 

V> = W • v + iW ■ w, W = d r u - -u x Ru 

r 

In view of the bound (7.3) for (v,w) and of the LX multiplicative estimates (4.28) and 
(4.35), it suffices to show that 

(7-15) ||W|| LX <7 
Since W vanishes if u = Q, we can write 

W=d r (u - Q) - -(u - Q) xR(u -Q)--Qx R(u - Q) - -(u - Q) x RQ 

=L(u - Q) - -(u -Q) x R(u-Q) + W 
r 

The first term is in LX by definition and the second belongs to the smaller space L 1 D L 2 
by (4.16) and (4.17). It remains to consider the last component 

h 1 1 

VV = — - (u -Q)--Qx R{u - Q) - -{u -Q) x RQ 

A direct computation shows that the components of W contain the expressions r~ l hi(u^— 113), 
r~ 1 hi(ui — hi) and r~ l h%(u3 — h 3 ); we will estimate all of them in L 1 D L 2 . The L 2 bound 
is obtained directly from the H l norm of u — Q. The L 1 bound for the first two expressions 
is a consequence of (4.17). This also applies to the third expression but only for r < 1 On 
the other hand for r> 1 we can use the equation of the sphere to obtain 

l«3 - h 3 \ < (ux - hx) 2 + u\ + Ui - /li| 

at which point we can use again (4.17). 

7.4. The transition from ip to (^2,^2)- This is achieved by solving the ODE system 
(3.31) with the boundary condition (7.1) at infinity. We note that by Proposition 3.2, if 
u — QeL 2 then we have ^2 — ih\ G L 2 , which implies (7.1). For convenience we recall (3.31) 
here: 



(7.16) 



d r A 2 = ^ij 2 ) + 1 -\4; 2 \ 2 , 

d r ip 2 = iA 2 ip - \A 2 ip2 
We are only interested in solutions which belong to the sphere 
(7.17) ^ + |^ 2 | 2 = 1 

A straightforward computation shows that this sphere is invariant with respect to the (7.16) 
flow. Thus given any Cauchy data on this sphere at any point tq e R + and any ip G L 2 , 
there exists an unique global solution to this ODE. Our challenge here is to instead prescribe 
the asymptotic behavior at infinity via (7.1). To achieve this we will take advantage of the 
additional information that ip G LX. We state our main result here separately for later use: 
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Proposition 7.3. Assume that ip G LX , small. Then the system (7.16) admits a unique 
solution (^2,^.2) which satisfies (7.1). Furthermore, this solution satisfies the bound 

(7.18) ||V>2 - ih x \\x + \\A 2 - h 3 \\ x < ||^||lx, 



and it has Lipschitz dependence on ip, 

(7.19) \\if> 2 - $ 2 \\x + \\A 2 - A 2 \\ x < U -$\\lx- 
In addition, the above solution satisfies the following H\ bounds: 

(7.20) ||^2 - ihxW^ + \\A 2 - h 3 \\ Ai < 

We remark that from (7.18) and (7.17) one can get better decay for A 2 — h 3 both near 
and near infinity. 

Proof. We carry out this proof in several steps: 

Step 1: Here we assume that a solution (^2,^2) to (7.16) which satisfies the boundary 
condition (7.1) exists, and we study further its a-priori regularity. In what follows C will 
denote a large positive constant which may vary from line to line. 

Since ip 2 — ih\ G X then, by (4.17) and (4.16), we must have 

1 

(7-21) |^ 2 | < C<r)-5, [I . M \ L \dr) < 00 

log(l + r) 

and similar bounds for A 2 — h 3 . By virtue of the compatibility relation (7.17), we can improve 
the bounds for A 2 — h 3 to 

(7.22) \A 2 - h 3 \ < C(r)-\ \\^p^(A 2 - h 3 )\\ L 2 (dr) < 00 

log(l + r) 

We rewrite the second equation in (7.16) as 

(7.23) L^ 2 = # + /, / = t(A 2 -l)i ! + k3 ~ A2 ^ 2 

r 

For large r it suffices to consider this equation, since A 2 is uniquely determined as A 2 = 
a/1 — \ip 2 \ 2 due to (7.17). Since ip G L 2 , using also (7.21) and (7.22) we obtain the decay of 
/ at infinity, 

(7-24) \\rHr)f\\ L2[dr) + || J^^f I U W < 00 

In particular by (4.25) it follows that / G LX. As tp 2 — hi G X, the solution ip to (7.23) 
must have the form 

^ 2 = ih x + ig + g = L~ x tp E X, $ = L" 1 /eI 

Since / has the better decay at infinity given by (7.24), we can express ^ in the integral 
form 



q?(r) = -hi / hi(n) x f{ri)dn 

J r 

By (7.24) this integral is absolutely convergent, and we have the pointwise bound 

(7.25) |»(r)| < C^i±l) 

(r) 2 
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We can recast the equation (7.23) as an equation for \I>, 

(7.26) \Er = jV(tf,V) 

where the nonlinear expression on the right has the integral form 

N(V, tfj) = -h(r) / K\i{A 2 - 1)V + 2 -(ih + ig + ))ds, 

Jr S 

and A 2 and g are dependent variables given by 



A 2 = y/l - litn + ig + V] 2 , g = L~V 

We have proved that solving the system (7.16) with the boundary condition (7.1) is equivalent 
to solving the equation (7.26) for $6l satisfying the decay condition (7.25). 

Step 2: Here we will use the contraction principle to show that for r near infinity, r G 
[R, 00) there exists a unique solution ^ to (7.26) satisfying (7.25), which depends in a 
Lipschitz manner on ip 6 LX. For this we will prove that the nonlinearity N satisfies the 
Lipschitz bound 

(7.27) ^r) — aA.oo» < -S-CII^- — -011m: H" 11^ — CEA.OO)}) 

rl R& r<E 

where 

For the existence and Lipschitz dependence part we start with if; satisfying \\ip\\x < 1, choose 
R so that 

iHc (i,i,i,i)<^ 

and apply the contraction principle in the unit ball in L°%[R, 00). This yields a unique 
solution \1/ which satisfies 



(7-28) ||*|U« B ([*,«>)) < 



with the Lipschitz dependence 

(7-29) ||* -*|U» 6 ([*,«>)) < HV'-^lUx 

For the uniqueness part we use (7.27) but with a larger R chosen so that 
'HCodMUx, U\\lx, ||*|U- B [fl,oo), ||*||i- 8 [«,«,)) < 1 



r*4 



It suffices to prove uniqueness on a smaller interval [R, 00) since the equation (7.26) is 
equivalent to the original ODE system (7.16), for which uniqueness holds for r in a compact 
interval in (0, 00). 

We now continue with the proof of (7.27). From the formulas for A 2 , A 2 , we have 

\A 2 -A 2 \ < r -*{\g-g\ + \V-V\) 

\A 2 -l\<hl + r~*(\g\ + |tf |), \A 2 - h 3 \ < r^(\g\ + |tf |) 
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which implies that (recall the definition of / from (7.23)) 

\f-f\<\A 2 -A 2 \$\ + \A 2 -l\\1>-$\ 
(7-30) +r -i|A 2 _/ i3 ||^ 2 _^ 2 | +r -i|^ 2 _i 2 ||^ 2 | 

<5fi + 8f 2 + 6f 3 

where 

5}\ = r- L 2\i>\(\g - g\ + |¥ - *|), Sf 2 = {h\ + r~%| + |*|))|^ - $ 

$h = r- 2 (\g-g\ + |*-*|) 
Correspondingly we derive a bound for N(fy,ip) — N(^,ijj), 

POO 

\N(y^)-N{V,4>)\<6N 1 + 6N 2 + 5N 3 , SN^r) = h(r) / h^(s)Sf t (s)ds 



Now we successively consider the three contributions. For 5f 3 by (4.16) we have the 
pointwise bound 

\Sfs(r)\ < r~H\\g - ~g\\ x + ||* - *||l» b ([*,«>))) 
therefore its contribution 5N 3 satisfies: 

SN 3 {r) < r-*(\\g - g\\ x + II* - §|U» 8 ([*,«,))) 

r ^ 

For 5f 2 we use instead (4.17), to get an L 1 bound 

||r2|l0gr|~ 1 5/2|Ui(rdr-) < (||<?||x + ||*|U«» 8 ([H,oo)))||V'-'0l|i a 

which leads to 

SN 2 (r) < r-i| logrr^H^IU + II^IK ([fl,oo)))||^ - 
Finally, for Sfi we use again (4.17) to estimate 

||r2|logr| _1 5/i|| L i (r . dr) < (\\g-g\\x+ ||* - *||i- e a^,oo))) H^IU^ 

which yields 

SN^r) < r~t| logrl^dl^ - g\\ x + - tf|U» ([*,«,))) IMU' 

The proof of (7.27) is concluded. 

Step 3: Now we consider the solution \1/ to (7.26) obtained in the previous step in the 
interval [R, oo), and we supplement the pointwise bounds (7.28) and (7.29) with Hi bounds 

(7.31) ll*lkMR,oo) 



< 



LX 



(7-32) ||^_^||^ )0o) <||^_^|| iJf 

In view of the embedding H\ C X, these will be useful later to establish the Lipschitz 
dependence in X. Returning to (ip 2 , A 2 ) these bounds imply that 

(7.33) ||(^ 2 -g)- (fa - ^Ik^oc) < U ~ 1>\\lx 

respectively 

(7-34) ||A 2 -l 2 ||^ [Ji)0o) <||^-^|| M 
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The L 2 part of (7.31) and (7.32) follow trivially from (7.28) and (7.29). Consider now the 
estimate for the L 2 norm for d r ty. Given that we already have an L 2 bound for we can 
freely replace d r ^ by — f. It remains to show that 

(7-35) ||/ - f\\ L2 < U - fWuc + ||* - || L - {[R>oo)) 

Consider the bound (7.30) for ||/ — f\\i 2 - The estimate for <5/ 3 proved in the previous step 
is already good enough. We only need to revisit the bounds on Sf2 and 8 fx, which we do by 
using (4.16) instead of (4.17). For 5/ 2 we obtain 

\\rSfz || L 2 (r<fr) ^ ||*|U« ({R,oo)))\\*P ~ ^\\ 

Similarly for Sfi we have 

\\rSfi\\ L 2 {rdr) < (\\g-g\\ x + ||* - *IU« B ([*,«>))) IMIi* 



Both bounds are much stronger than we need. 

Step 4: Here we prove the large r part of (7.20), which with respect to * takes the form 

(7-36) \\N^,n\HU[R,oo))<\\9\\ m 
This implies that the solution ip2 constructed above in [R, oo) satisfies 
( 7 - 37 ) 11^2 -i/n||ji( [B)BO )) + \\A 2 - h 3 \\Hi {[R>oo)) < Iblljji 

In proving (7.36) we can assume that the following bounds are valid: 

h\\x + ||*|U-([R,oo)) < 1 

To establish (7.36), we use the following pointwise estimate on /: 

\!\<\M-m\ + ^~ A2 \ \n 

r 

< (ft + r~H\g\ + \*\W\ + r ~k\g\ + l*l)(^i + \g\ + 1*1) 

Then for * = N($,i/;) = L" 1 /, using(4.17), we obtain 

\p f°° 

II — ||L2( [fli00) ) < / s\f(s)\ds 

r JR 

poo 

< / (s- 2 + s -k\g(s)\ + ms)\))ms)\sds 

JR 

poo 

+ / s-i(\g(s)\ + |*(a)|)(/n + \g(a)\ + \V(s)\)ada 

JR 

<iri +6 (WL> + ||^||L» + ||-||£»( [B ,oo))) 

By taking R large and using HV'IU 2 ^ WqWh 1 we obtain 

|| — l|i 2 ([fl,oo)) ^ IMItfi 

From this estimate and the above pointwise bound for /, it also follows that 

g * 

L2([ J R,oo)) < HV'IU 2 + IHU 2 + II — IU 2 ([R,oo)) < IMItfl 
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Finally from the last two estimates we obtain 

\\d r y\\LZ([R,oc)) < \\g\\m + ll/IU 2 ^ Wahi 

which concludes the proof of (7.36) and of the full characterization of \& on [R, oo). 

Step 5: The bounds for ip 2 , A 2 on I = [R~\R]. On the interval [R~\ R] we can 
no longer use only the second equation in (7.16). However, in this interval there is no 
singularity so a standard ODE analysis allows us to extend the solution with Lipschitz 
pointwise bounds. Precisely, a straightforward application of Gronwall's inequality shows 
that as long as H^Hza, ||?/>||l 2 < 1 we have 

11(^2,4,) - ft,i 2 )|U~ (/) < + \{*k,A 2 ){R) - $2,A 2 )(R)\ 

Reusing this in (7.16) we can also estimate the r derivatives, 

\\d r fo,A 2 )-dr$2,A 2 )\\v (I) < U-4>\\ L *(i) + | ( V>2 , A 2 ) ( R) - ft, A 2 ) (R) I 
Estimating the second term on the right by (7.33) and (7.34) we obtain 
(7.38) ||(^ 2 ,A 2 )-ft,i 2 )||tfi (7) < U-^\\ L x 

If ip — then using (7.37) instead we get 

(7-39) ||(V>2,A 2 ) - (th u h 3 )\\ Hm < WL-^U, 

Step 6 : The bounds for (\l/ 2 , A 2 ) on (0, R~ x \. On the interval (0, -R -1 ], A 2 is expected to 



be negative, so we can use again only the second equation in (7.16) with A 2 = — y 1 — |^ 2 | 2 . 
We repeat the fixed point argument as we did on [R, oo). We rewrite the second equation 
in (7.16) as 

(7.40) L^ 2 = -# + /, f = t(A 2 + l)^+ k3 ~ A2 ^ 2 

r 

We introduce ip 2 — ih\ + ig — \& and rewrite the problem as 

(7-41) ¥(r) = J^rfiR' 1 ) + 1>) 

where the nonlinearity N is defined as 

N(V, V) = -h(r) f R h 1 (sy 1 f(s)ds, f = i(A 2 + 1)^ + ^—^-{ih x -ig + ty 



with A 2 and g as dependent variables, 

A 2 = - y/1- \h 1 -ig + ^, g = L~ V- 
The value for ^/(i?^ 1 ) = (ip 2 — %h\ — ig)(R~ 1 ) is collected from Step 5 and satisfies 

(7.42) ^(/r 1 ) - ^(ir 1 )! < ||v - ^IUx « i, ^(ir 1 ) < Ibbi « i. 

For this new nonlinearity N we claim the following bound: 

(7.43) \\N{%il>) - N{%$)\\axm) ^ \^ ~ *W*IM + W9- 9\\hUo,r}) 
under the assumption that 

(7.44) u\\ LX , u\\ LX , wnmw ii^ikw^ 1 « 1 
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As in the large r case, the Lipschitz bound (7.43) and (7.42) allows us use the contraction 
principle to obtain a solution * e Hl(0, R" 1 ] to (7.41) satisfying 

H^lkwD £ l|£"VHji, II* - ;$ 11^ - V>IU* 

Returning to ip 2 an d ^2 this gives 

(7.45) ||^2 - ^l||jji(( ,K]) £ 11*02 - ^2||fli ( ( 0) B|) ^ H> - 4>\\lx 

(7.46) ||A 2 - h\\ HlmR]) < ||L-VHhi, 11^2 - Mhi ({0 ,r]) < \\*l> - $\\lx 
It remains to establish (7.43). We start with the inequalities 

\A 2 - A 2 \ < \g - g\ + |* - #1, |A 2 + 1| + \A 2 -h 3 \<r+ \g\ + \^\ 

which are derived from (7.44) and the formulas from A 2 , A 2 . From these estimates we derive 
a pointwise bound for /, 

\f-f\<(\g-9\ + \y-y\M + (r + \g\ + m\il>-4>\ 

~ \q — q\ + |\P — *l 
+ (r + \g\ + 1*1 + \g\ + |*|)^ ^ l - 

r 

This directly leads to the L 2 bound 

11/ - f\\iP < C(\\g - g\\ HlmR]) + ||* - *lliji((o,ii])) 

C = R- 1 + \\g\\ Hl + + WUi + II*IIhi((o,bi) 

For small r we have /ii(r) ~ r therefore 

|7V(*,^)-iv(*,^| ^rK]- 1 !/-/! 

Hence combining the above L 2 bound for / — / with the Hardy estimate (1.14) and with 
(7.44) we obtain 

Wr-^N^, g) - N(y,g))\\ LH{0>R]) < C(\\g - gU^n]) + II* " *lkw])) 
Finally, using 

d r N{*,g) = -^N(*,g) + f 
r 

we also bound d r N(^,g) in L 2 , completing the proof of (7.43). 
Step 7: Conclusion 

In the end, based on (7.33), (7.34), (7.38), (7.45), (7.46) and (4.15), we upgrade the 
solution constructed above to ip 2 — ih±,A 2 — h 3 G X with the bounds (7.18)-(7.19). In 
addition (7.20) follows from (7.36), (7.39) and (7.45). 

□ 

69 



7.5. The transition from ij),fa and A 2 to (u, v,w). To achieve this we use the system 
(3.9), which we recast in a matrix form as an equation for O = (v,w,u) as follows 

(7.47) d r O = OR{fa 

with 

/ Ufa 
R= 

\ -8f^! -9f^! 

If ip = then ^2 = i/ii, which yields fa = -tf. Hence i?(0) = M(Q) as in (7.10). We will 
prove that 

(7-48) \\RW-Rm\ dr x<\\i'\\LX 

Suppose this is done. Then the same argument as in Section 7.2 leads to the bound (7.2), 
as well as 

h-Q\\x ^7 

To upgrade the above norm to an X norm we need an additional bound for ||r _1 (n — <5)IU 2 - 
We first remark that the last row of O is a-priori known, namely (v 3 , w 3 , u$) = (^sfa, $lfa, A 2 ); 
this already shows that 

||r _1 (t; 3 - h^Wtf + \\r~ l w z \\ L 2 + ||r _1 («3 - h 3 )\\ L 2 < 7 

To transfer this information to U\ and u 2 we use again the orthogonality of O. For U\ for 
instance we have 

ui = v 2 w-i - v 3 w 2 = v 2 w 3 - (v 3 - h 1 )w 2 - hx(w 2 — l) + hi 

which suffices. 

It remains to prove the bound (7.48). Using the second relation in (7.16) we have 

fa =*p + iy = -iA 2 d r fa + \fa\ 2 ij + %^\fa\ 2 

= - — - iA 2 d r (fa - ihi) + (A 2 - h 3 )d r h! + \fa\ 2 ^ + ^(tfa\fa\ 2 + hi) 

The first term is the value that corresponds to ip = 0. The second is placed in d r X by (4.34) 
and (4.33). The remaining terms are estimated in d r X just based on their size, via (4.32). 
The third term is pointwise bounded by 7(r) -3 . For the third one we use the L 2 bound for 
i/j, combined with the l 2 L°° bound on fa — ih\ for small r and the pointwise r~2 bound on 
fa — ih\ for large r. The fourth one is similar, only the L 2 bound for ip is replaced by the 
L 2 bound for r _1 (fa — ih\). 

7.6. Local energy bounds. A key role in the study of the Schrodinger type equation (3.35) 
for ijj is played by the dispersive estimates for ip, most notably the local energy decay, which 
allows us to control a norm for ip which is of the form 

IHMai = £^linVlU + (£ HnVllU 

fc<0 \fe>0 

where A is a function time for which 
(7.49) |A-1|<1 
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This is always satisfied in the context of this paper, as the functions (ip 2 ,A 2 ) given by 
Proposition 7.3 satisfy 

(7.50) |A - 1| + M < \A 2 (1) - h 3 (l)\ + |^(1) - ^(1)1 < U\\ LX 

A-priori this norm depends on the choice of A. However, using Proposition 4.10 and Propo- 
sition 4.11 it is easy to prove that different choices of A subject to (7.49) yield equivalent 
norms. 

In this section we study to what extent the local energy decay bounds for ip can be 
transferred to (ip 2 ,A 2 ) via the system (7.16). At first one might attempt to prove local 
energy decay bounds for ip 2 — ihi and A 2 — h^. If that were true, it would imply square 
integrability for X(t) — 1 and a(t), where X(t) and a(t) are the parameters defined in (3.34) 
describing (ip 2 ,A 2 ) at r = 1. However, such decay estimates turn out not to hold. 

Our remedy for this difficulty is to start with A and a defined in (3.34) and to compare 
(ip 2 , A 2 ) with their value associated to the harmonic map Q a ,\. Precisely, with A and a given 
by 

(7.51) A 2 (l) = h x (l)^ 2 (l) = te ia h x (l) 
we seek to estimate the differences 

(7.52) 5 X ^ 2 = V> 2 - te ia hl 5 X A 2 = A 2 - h x . 
For A and a in (7.51) we assume that 

(7.53) ||a||£» + ||A - 1\\ L «, < 1 

In the context of Proposition 7.3 this is a consequence of the bound 

UWl^lx < 1 
The main result of this section is the following 

Proposition 7.4. a) Suppose that ip e L 2 , small. Let (ijj 2 ,A 2 ) be the solutions to (7.16) 
with initial data as in (7.51), (7.53). Then we have the fixed time bound 

(7-54) 11*^11*1 + ¥ X M\hi < Uh> 

b) Assume in addition thatip is small in L°°LX and that (7.53) is valid. Then the following 
space-time bound holds: 

(7.55) n^_^ A >> 2 || i2 + \\^hls x A 2 \\ L2 < \m\ LE[1] 

We remark that heuristically (7.54) can be viewed as a consequence of the estimate (1.5) 
and the relation (2.2). 

Proof, a) By (7.53), A is close to 1. Solving (7.16) on the time interval [1, A] we obtain the 
bound 



Li 



comp 



(7.56) \5 X ^ 2 (\)\ + \5 X A 2 (X)\ < 

Then we can use a rotation and scaling to set A = 1 and a = in (7.52) at the expense of 
replacing (7.54) by 

(7-57) + ll^llfli £ + 1^2(1)1 + \SA 2 (1)\ 
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under a smallness assumption on the right hand side. Here we make the convention that if 
A = l,a — then we drop the upper-scripts from 5. Using (7.17) we rewrite the equation 
(7.16) in the equivalent form 

( L5^ 2 = iA 2 ip - ±6A 2 ip 2 , 

(7.58) 

( L 1 5A 2 = Ql(W 2 ) + l\5A 2 \ 2 
where the operators L and L\ are given by 

L = d r + — , L\ = d r + 2— 

The functions hi, respectively h\ solve the homogeneous equations Lf = 0, respectively 
L\f = 0. Then the inverses T, respectively T\ of L, respectively L\ with zero Cauchy data 
at r = 1 have the form 

Then we have: 

Lemma 7.5. The operators T and 7\ satisfy the bounds 

11^/11^(1^0) ^ \Kf\\L*(l,r ) 

where the range of a is a < 1 if r$> 1, respectively a > — 1 if vq < 1. 

The proof of the lemma is straightforward, and is left for the reader. To continue with 
the proof of the proposition we rewrite (7.58) as 

r # 2 = m^ 2 (i) + t(^-±m 2 ^ 2 ), 

(7.59) 

[ 5A 2 = h\5A 2 {l) + T!(3(# 2 ) + i|cL4 2 | 2 ) 

and solve this equation using the contraction principle in H\ x H\. Given Lemma 7.5 it 
suffices to show that the map 

(i/;, 8xjj 2 , 5A 2 ) -> {iA 2 tl> - ^SA 2 tp 2 , S(# 2 ) + ^\SA 2 \ 2 ) 

is locally Lipschitz from L 2 x B.\ x H\ to L 2 x L 2 . This follows easily since Hi C L°° D rl? . 
We note that the requisite smallness in the contraction principle comes from the smallness of 
the right hand side in (7.57), while the small Lipschitz constant is produced by unbalancing 
the norms 

||(^,# 2 ,M 2 )|| L2x ^ lx ^ = |H| i2 + H^Htfi +M||<L4 2 ||^ 

with large M (and similarly for L 2 x L 2 ). 

b) After a time dependent rescaling and rotation we can assume that A = 1 and a = in 
(7.52). The price we pay is twofold: 

i) As in part (a), the initial condition becomes 5ip 2 (\) = 0, 5A 2 (\) = 0. However, we can 
shift back to r = 1 using the time integrated form of (7.56). 

ii) The norm Li?[l] in (7.55) is replaced by Li^fA" 1 ]. However, these two norms are 
equivalent. 
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After this reduction, it remains to prove the estimate 

(7.60) ||-Y±I^ 2 || L2 + \\£tlsA 2 \\v < \W\\le[i] + II# 2 (1)||l 2 + ll^ 2 (l)|| i2 

In the interval [0, R] this is obtained directly from (7.59) via Lemma 7.5 with a = 0. This 
yields 

11^2 || hi [0,1] ~ l#2(l)| + |MU 2 [0,1] + ll^ 2 ||^i [0il] (l + || #2 || HI [0,1]) 

¥M\HI[0,1] £ \SA 2 (1)\ + |MU W ] + ll^2ll^ [0)1] 
From part (a) we have ||<^ 2 ||iji + H^MIij-i < e, which allows us to close and obtain 

II^U^o,!] + ||^ 2 ||^[0,1] ~ l^2(l)| + \sa 2 (i)\ + U\\mo,i] 

We square this and integrate in time. 

It remains to consider the interval [1, oo). Here we apply Lemma 7.5 with — | < a < to 
obtain 

IK-^IU^co) < l# 2 (i)| + llr^r^)!!^!!^) 

+ ||r Q - 1 M 2 || L2[liOo) (l + ||^ 2 ||H e 

respectively 

Wr^SAzWv^ < \5A 2 (1)\ + llr^^lU^oo) 

+ ||r Q - 1 M 2 || L2[1)0o) ||M 2 ||^ 

At this point we use the assumption that ip is small in L°°LX; by Proposition 7.3 this implies 
\5tf) 2 \ < r~ 2 and \5A 2 \ < r" 1 . These bounds allow us to obtain a favorable bound for most 
of the contributions of ip, namely 

\\r a ~ 1 T((A 2 - l)^)IU=[i,oc) + IK-'U^U^ < \\r a -h\\ L * 
It remains to prove the linear estimate 

(7-61) Ur^TVlU^oo) < II^Hlbpl] 

For this we write 

Tip = L"V - /iiL~V(l) 
We consider a dyadic decomposition of xjj, ip — Y^ipk- For k > the kernels K\ of L~ x Pk, 
described in Proposition 4.8, satisfy 

\K 1 (r ?\ I < - 

1 kK ' )l ~ (l + 2 k \r-s\) N (r + sY 

This gives the I? bound 

IK-'L- 1 ^^ <2-'f\\i; k \\ LEk 

and the pointwise bound 

||L-V fe (l)|U ? <2- fe ||V fe |U E , 

which are easy to sum up. 

For k < the kernels K\ split into 

K 1 — K 1 + Z^ 1 

lx k — 1Y k,reg ^ -"-fc.res 
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where the regular part satisfies 

2 fc log(l + r) 



\K reg (r,s)\< 



\k\(l + 2 k \r - s\) N (l + 2 k (r + s))' 
while the resonant part, present only for k < 0, satisfies 

1 

2Hfc| 



\ K k,res( r ^)\ = 7^nJ h ^ r )X2^r<l{r)c k {s) 



where X2 k r<i is a bump which equals 1 for 2 k r <C 1, and |cfc(s)| < (1 + 2 k s) . For the 
regular part we have 



which suffices due to the extra \k\2 k weight in the definition of LJ5[1]. 

Finally for the resonant part we take advantage of the cancellation of the resonance. We 
have 

L; e \^k = ^-Mr)x2^<x(r)fk(t), \\f\\ L * < 2" fc ||^|| LEfc 
Then for the corresponding part of T we have 

Tres^Pk = ^|7^^l(^)(X2fcr<l(^) ~ l)/fc(*) 

which leads to the stronger bound 

This concludes the argument for the part of (7.61) concerning 5ip 2 ; however we need to 
improve on the decay for the SA 2 term. We make the following general observation which 
will be of use later too. In some estimates we need better decay bounds for SA 2 near spatial 
infinity. For that we observe that for large r the function 5A 2 can be algebraically estimated 

as 

(7.62) \5A 2 \<h x \8xlj 2 \ + \5^ 2 \ 2 

For the first term on the right we have an extra order of decay. For the second we can either 
use the LX norm of ip to get another half unit of decay, or we can get almost an L^L 1 
bound. In particular, this justifies the second part of (7.61). □ 

8. The nonlinear equation for tp 
8.1. A short time result. We write the nonlinear equation for ip as 

(8.1) {id t -H)il> = Wil>, #)) = Vo, W = A -2 6 -^-^(tp 2 ij) 

with A 2 and ijj 2 uniquely determined by ip, see Proposition 7.3, and SA 2 = A 2 — h 3 . A is 
given by (3.33) which we recall for convenience 

Mr) = ~\\M 2 + + [rdrj-'m 2 - 

2 r r 

Treating the right hand side perturbatively, we prove a local in time well-posedness result 

for (8.1): 
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Theorem 8.1. For each initial data ipo satisfying 

Uohx <7<1 

there is an unique solution ip for (8.1) in the time interval I = [0, 1], satisfying 

(8.2) Mwsnm < 7 

Furthermore, the solution map x/jq — > ip is Lip schitz from LX to WS^[V\(I). 

Proof. By Proposition 5.4 it suffices to show that the map ip — > Wip is Lipschitz from 
W5' tt [l](/) to MV«[1](7) with a small Lipschitz constant for ip as in (8.2). We consider 
each term in W and use Proposition 7.3 to describe the dependence of A 2 and ip2 on ip. 
Some but not all of the estimates below depend on the size of the time interval I. To 
identify those we use the </ notation. For convenience, we use WS^, WN$ below instead of 
WS*[l](I),WNt[l]{I). 

1. The A2 term is estimated using the bound 

(8-3) \\r~ 2 fg\\ w m S ||/IU»x|bl|wsf« 

For high frequencies in the output we use the local energy norms, 

(8-4) \\r- 2 fg\\ L E* < \\(r)tf\\L-\\g\\LE < U/IU-xIMIa 

For low frequencies in the output we use (4.26) and an L 1 bound 

\\r- 2 fg\\v <i \\r-'fg\\iw < |||log(l + r)rVlk-^lk" 2 log(l + r)^|U 2 
< ||/|U-x|b||s 

2. The 'ip 2 term is estimated using the bounds 

(8.5) Wr^fghWwfi + Wr-^ghWwfi < (1 + \\f\\L™x)\\g\\ws«\\h\\wst 



We only discuss the first bound; the second is similar but easier. For high frequencies it 
suffices to write 

(8-6) \\r~ l f gh\\ LE * < ||<r*>3^1|x,«» ^ ||/1|l-x|MMN|s 

For low frequencies we use (4.26) and an L 1 bound derived using (6.6): 
^ 8 ^ \V~ X fgh\\ L i < ||(r)2/||ioo||r-5( r )-3^|| i2 || r -5( r )-|/i|| i2 

< ||/IU«jdMlw5«IHIwsr« 

3. The \il>\ 2 part of the A$ term is estimated using the bounds 

(8-8) \\fgh\\ WN s <i ||/||ws«|Mlwsr»IHIwsr« 

Indeed, for the high frequency part we have 

(8.9) \\fgh\\ N < WfghWj < ||/|MMU*IWU- < \\f\\s\\g\\s\\h\\s 
while for the low frequency part we write 

(8.10) \\fghWzA <i \\fgh\\ L 2 L1 < ll/II^II^II^H/ilU^ < \\f\\s\\g\\s\\h\\ s 

4. The [r<9 r ] _1 |'i/>| 2 part of the Ao term is estimated as in Case 3 using in addition the 
Hardy type inequality (1.14) for [r<9 r ] _1 . 
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5. The [rd r ] 1 (r 1 Q(ip2ip)) part of the A term is estimated as in Case 2: using (1.14) 
with p = 2 for the corresponding case to (8.6) and using (1.15) with p — 1 and w = (r}~2 
for the corresponding case to (8.7). □ 

8.2. The long time result. We rewrite the equation for ip in the form 

(8.11) (idt ~ H X )^P = W x iP, ^(0) = Vo, W x = A) - 2^ - i^(^) 

with A , A 2 and ?/>2 as well as the time dependent parameter A uniquely determined by 1/) 
(see (7.51) and (7.52)). Our main long time bootstrap result is as follows: 

Theorem 8.2. Let T G (0, 00] , e < 1 and 7 < 70 -C 1. Suppose that the initial data for xjj 
satisfies 

(8.12) 11^(0)11^ < e T , !|^(0)|Ux<7 

Assume that the parameter A and the function ip satisfy the following bootstrap assumptions: 

(8-13) || A - 1|U,[o,t] < To- 

respectively 

(8-14) \\^\\psno,T] < Ho, W\wst[\][o,T\ ^ 7o, 

where A zs any function with the following properties: 
(8-15) ||A — 1||x[o,t] + ||A — A||( L 2 nLO o)[ 0iT ] < 70 

Then the functions ip and A must satisfy the stronger bounds 

(8-16) IM|pS#[o,n ^ e (7 + 7o)> IMUs»[a][o,t] ^ 7 + 7o> 

respectively 

(8.17) ||A-1|U o[0> t] <7 + 7o- 

To close the bootstrap it suffices to choose 70 = C7 for a fixed large universal constant C. 

We remark that for the global well-posedness result it suffices to take e = 1. However, 
the parameter e, along with the stronger bounds in (8.21), is needed for the proof of the 
instability result. 

The additional parameter A is needed because the spaces W5^[A], WW" [A] and the linear 
result in Proposition 6.3 require A — 1 G Z, while above we only have A — 1 G Z . There is 
some flexibility in the choice of A. An acceptable choice would be for instance A = Q<i\ ext 
where X ext is any suitable extension of A in Z . 

For brevity we omit the time interval [0, T] in the notations in this section. For the most 
part this plays no role. At one point in the proof this requires an additional discussion. 

For the first bound in (8.16) we use Theorem 6.1. Hence it suffices to estimate the nonlinear 
expression Wifj, for which we will prove 

(8.18) <e 7o 2 . 

For the second bound (8.16) for ip we rewrite the equation in the form 

(8.19) (idt ~ H~ x )^ = (V x ~ V~ x )^ + Wxip, if>(0) = ^0 
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and use Theorem 6.3. Hence it suffices to estimate the linear term (V x — V~ x )ip and the 
nonlinear expression Wip. Precisely, we will prove the bounds 



(8.20) \\(V X - V X )^\\ WNS[X] <e 7o 2 

(8.21) \\W x ip\\ wmx] <e(log6) 2 7o 2 . 

The three bounds above follow from Propositions 8.3, 8.4, 8.5 below. The last part of the 
theorem, namely the A bound (8.17), is proved in the next section. We begin with the 
nonlinear bound in L?\ 

Proposition 8.3. Suppose that ip satisfies (8.14). Then 

(8.22) \\Wu\\ N <7o|M|s 

Proof. We consider each of the terms in W as in the five cases in the proof of Theorem 8.1. 
The bound (8.22) follows by applying (8.4), (8.6), (8.9) and their counterparts in the last 
two cases. It is essential that none of these bounds depend on the size of the time interval. 

□ 

Next we consider the linear bound (8.20): 

Proposition 8.4. Suppose that A and A satisfy (8.13) and (8.15). Then 
(8-23) || (V x - V- X )u\\ wm[x] < 7olM|z2 S » 

Proof. Since both A and A are close to 1, it follows that 

l^-V^I <|A 1 -A 2 |(l + r 2 )- 2 
Hence, using the embedding (4.25) and the LE norm for u, we obtain 

\\(V Xl - V X2 )u\Wlx <\\(V Xl - V X2 )u\\LHLW) < \\(r) 3 ~(V Xl - V X2 )u\\l^ 
<\\u\\le\\^i — A 2 ||l 2 

Thus (8.23) follows. □ 

Next we consider the bound (8.21), which corresponds to initial data in the smaller space 
LX C L 2 . 

Proposition 8.5. Suppose that ijj satisfies (8.14) and A satisfies (8.13). Then for A as in 
(8.15) we have 

,2. 



(8-24) \\W x u\\ wm[ - x] < e(loge) 2 7o||w|lws*[A] + 7IM 



PS* 



h — h 

Proof. The difference in the potentials W x — W = 2— — - — decays rapidly enough at 00 so 
that, in a similar manner to (8.22), one easily derives 

\\{W X - W)u\\ N < |A - l||M|s < 7IMU 
Combining this with (8.22) gives us 
(8-25) \\W x u\\ N < j\\u\\ s 

By the inclusion N C l 2 N and the first part of (6.5), we can use the above results to estimate 
the high frequency output \\P> (W x u)\\ wm[x] . 
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It remains to estimate the low frequency output ||-P<o(^a u )Hwn#[a]- We divide the poten- 
tial W\ into three parts, W\ = W + Wi + W 2 where 



6 X A 2 



1 



Wo 



1 



2 dr 



The contribution of Wq can be estimated directly by using the local energy decay for u and 
S X A 2 , see (6.4) and (7.55), to write 



\\W u\\ 



LlLX < \\W U\\ L 1 < 



log(2 + r) 



5 X A, 



L 2 



r log (2 + r 



-u 



< 



To p s 



L 2 



A similar argument applies for the contribution of W\. Indeed, consider first the simpler 

potential W\ = —^jj and use the pointwise bound for tp 2 , l^l 5; (r)~^. Using (6.6) and 

r 

(8.14) we obtain 



2 \\L° 



ln(2 + r) 



L 2 



1 



(r) 2 ln(2 + r) 



-u 



L 2 



< 



e{\oge) 2 j\\u\\ ws)fx 



[A] 



A similar bound is obtained for W\ by using (1.15) with p = 2 and w = (r)a ln(2 + r). 

The bulk of the proof is devoted to the low frequency estimate for W 2 u, which is indepen- 
dent of A. It suffices to show that 



||-P<o(W2 u)\\ wm[ - x] < ej \\u\\ wsHX] +7 ||w|| z2s « 
The expression W 2 u is a trilinear expression in (if) , ip , u) , 

W 2 u = N(ip, ip, u) + N(i/j, ip, u), 

where 

N(ipi, ^3) = -2^i^2^s N(tp u ip 2 , ^3) = -^z[rd r ]~ l {^ 2 ) 

Given the bounds (8.14) on the above inequality can be rewritten in a more symmetric 
way as 



(8.26) \\P~<oN(^\ ^ ^)\\ WNH X]^J2\\^ 



and the similar bound for N. To avoid repetition, we focus on establishing this inequality 
for N. Every step in the analysis for N has its counterpart for N. As a general rule, the 
estimate for N is similar to the one for N by the use of (1.14) and (1.15), with one exception 
which require separate analysis. 

We decompose in the time dependent frame ip l = ^V'L i- e - i'l = ^k^ For a large 
constant n we expand 

+ E P b-2n ,o] {N(il>},if, ^) + N^i^l ^) + Nty^rfej, ^ 3 )) 

j<0 
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where N a (f\f 2 J 3 ) := N(f a 1(2) J a 1(3) ). We observe that the second term has a 

favorable frequency balance and is estimated directly using only the Strichartz norms, 



[A] ~ 



||A^,^ 3 )IU 



k<j 



2u sU 3 \\s 



followed by a straightforward summation with respect to j. The other two nonlinear factors 
in the second term are treated similarly. Using (1.14) the same argument works for N. 

The first term requires considerably more work; in what follows, we will prove that for all 
k\>k 2 > k 3 and a £ S 3 the following bound holds: 



(8.27) 



I <fc 3 — 2no 



< 



liviliz^iviiwivtl 



2 fc i/ 8 (fc 2 -)2 fc 2 -(fc 3 -)2 A 



as well as the similar one for N. 



One difficulty is that the functions are only localized in the frequency dependent 

frame. To deal with this we relocalize them in the fixed frame, 



,cr(j),err 



and estimate pointwise the error il) 3 k ^ rr using Corollary 4.13, see (4.50), 

2 -fc+/2 



3 r log (2 + r) 3 



I L°°L 2 



Then for the part of (8.27) containing at least one error term we combine this with the local 
energy decay estimates and (5.2), (6.4) and the low frequency part of (4.25). One such term 
is 



1^(^,^,011^ < ||rl g 2 (2 + r)^HU~ I] 

7=2,3 

2 fc r/ 2 2^2^ 



r2 log (2 + r) 



L- 



The other terms are treated in a similar way. In the case of N, the same argument works 
when combined with (1.15) as follows: p = 2 and w = ra log (2 + r) if the err term is inside 



\rd T 



or p = 1 and w 



otherwise. 



rlog 2 (2+r) 

After the above reduction we can assume that the functions in (8.27) are localized in 

the fixed frame. Thus the inputs ip J k . no longer bear any relation to A. 

So far the time interval has played no role. At this point we consider suitable frequency 
localized 1 extensions for both ip 3 k . and A, and prove that (8.27) holds over the entire real line. 
This directly implies the similar bound over each subinterval. 



with respect to the fixed A = 1 frame 
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A second difficulty is that the output N is also localized in the time dependent frame, 
while it is more natural at this point to project the output in a fixed frame. We denote 

and normalize 

(8-28) ||<% 5 , = 1, 

We partition g in frequency/modulation and estimate each piece as in (8.27). 
Case 1: The high frequency part P>k-- no 9' Using (5.2), we obtain 

(8.29) ||(1 -H S^^-i^lU, < 2- iEi± * t ^ a ||^ C:L) |Ut 1 ll^^lU^ll^i^lU^a 

which is satisfactory for r < 2~ fca but not for larger r. We use this bound to estimate 

>fc 3 —no 

that for j < k 3 — 2n the kernel of Pj~P >k -_ no satisfies 



P^P >k -_ n in L l L 2 for j < k 3 — 2riQ. From Proposition 4.11 and Proposition 4.10 it follows 



2 2 Mog(l + r) / A 1 log(l + s) ^ 2- Nk ° 2 



\K( r s)\ <— ^ ^ > V ^s^i + y- 

I ^ >»J\ ~p (i + 2i r ) N \ ^ (k) 2 (1 + 2 k s) N f-f 

\k=k s —no 

2 2 i log(l + r) 1 



s- 



N 



~ j 2 (1 + 2^)^(1 + 2^5)^ 
Thus by (8.29) we obtain 

r 2- 1 fci+fe2+6fe-j k t 

\\P}P>_ k ,- no 9\\^ < ^2-^-2+ 

Summing in j with weights (2 J |j|)~ 1 we estimate P >k ~-n 9 as i n (8-27). The argument for TV 
is obtained by using (1.15) with p = 2 and w = (l + 2 fcs r)s if the k 3 frequency term is outside 
[r9 r ] _1 and with p = | and w = (1 + 2 ka r)~2 if the k 3 frequency term is inside [r<9 r ] -1 . 

Case 2: Low frequency, high modulations: Q>k 1 +k 3 -n P < k-- no 9- For this term we 
prove an L 2 bound 

(8-30) l^\\Q>^+k 3 -n Q Pj9\W ^ (K) 

j<k^~n Q 

which leads to an estimate as in (8.27) by using (6.8) (precisely, its high modulation part 
from (6.13)). We have 

H(i + r2 fe )^|| L2L1 < UIM-lA^IMPIM ^ L 

Hence, arguing as in the proof of (4.26), it follows that for j < we have 

1 „o_„ ^^ 2m '( m+ )u„U S fa) 



ii d ii <r L y' L 1 ii n <- 



;2 



and (8.30) follows after a j summation. The bound for N is obtained by using (1.14) with 
p — g if the k<i frequency term is outside [r<9 r ] _1 and (1.15) when the k 2 frequency term is 

inside [r<9 r ] -1 as follows: with w — (1 + r2 h ' 2 )s, p = 2 when the k% frequency term is also 
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inside [rd r ] 1 and with w = (1 + r2 k2 ) i , p = | when the fc 3 frequency term is outside [r£? r ] x . 

Case 3: The low frequency, low modulations Q <kl+k3 _ no P <k - - no 8 '• We wn ^ P rove 
that 

(8 - 31) \\Q< ki+ k 3 -n P <k -9\WLX < 2kt/ S {k ^ {K)2k , 

which, by (6.8), suffices for (8.27). We separate this into two cases: 

Case 3A: One input has high modulation > 2 kl+k3 ~ n °. Say that factor is ^ ; the 
other cases are similar. Then we bound 

\\N^Q> kl+k3 . n y kl ^l 2 ^l)\\^ 
<||Q> fel+fe3 -noVilMlKlU4<lb < 



and conclude with (4.26). We note that the L 4 bound is stable under cut-offs in modulation 
(< 2 fcl+fc3_n °) due to the V^L 2 structure, see (5.6). This works for TV as well, by using (1.14). 

Case 3B: All factors ip l k , have low modulation. By duality, it suffices to estimate the 
quadrilinear integral 

lo = / N a (Q <kl+k . A _ no il)l v Q <kl+ka _ no ipl 2 , Q< kl + k3 -n 4> k . i )Q< kl + k3 -n i>j rdrdt 



with frequency localized inputs and show that 

2 j 1 

(8-32) liol < T^^, Hilll-V 

We begin with a short frequency/modulation analysis. If the frequencies in the four 
factors are £i, £3 and £ and all modulations are <C 2 kl+ks then the time frequency in the 
/ integrand is 

where m is the sum of the four modulations involved, hence m -C 2 kl+k3 . Hence the time 
integral vanishes unless 

(8.33) (6, 6, £3, e D = {& « 2 k % V; \£ ~ & + £ ~ ?\ < 2* 1+A *} 

Given the dyadic localization of £1, £2, £3 and £, this leads to one of the following two 
scenarios (recall that j + no < k% < &2 < k\): 

(i) Equal frequency inputs, 

|fci-fc 2 |<l, |fc 2 -fc 3 |<l, lei 2 + e 2 2 -e 3 2 |«2 2fc3 . 

(ii) Unbalanced frequency inputs, 

|fci-fc2|<l, h^:k 2 , |6-6l<2 fc3 . 

On the other hand, resonant interactions can only occur when 

(8.34) £i±&±£3±£ = 

where the ± signs correspond to outgoing/incoming waves. But this is precluded in both 
cases (i) (ii). We will strongly exploit this fact in our analysis. 
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In proving (8.32) we only use the S ka norm for ^ , together with boundedness of Q <kl+k3 - no 

in Sk 3 - For Q <kl+ k 3 - no ' l Pli and Q < k 1 +k 3 -n 4>l 2 we wou ld also like to use the norms S kl respec- 
tively Sk 2 . Unfortunately, the operator Q <kl+ks _ no is not always bounded in these spaces; 
instead, from (5.12), we have 

(8.35) \\Q< kl+k3 . no ^J Ski < (1 + fei - h) U k }\ si , i = 1,2 

In our case this leads to losses of at most a factor of 1 + (k% — ki) 2 . Fortunately we are able 
to prove a stronger bound 

(s.se) |/ | < ^4j^Hiyilk UUsj^UUMh^ 

which can absorb these losses and still lead to (8.32). To keep the size of formulae below 
manageable, we normalize all four norms on the right to 1 in the sequel. 

Without restricting the generality of the argument, we restrict our attention to er(z') = i, 
in which case 

f°° — 2 • — 

Jo 

In order to treat N, we need to consider also (the others are similar) 

f°° — f°° 1 —2 

h = I Tpj(r)ipl 3 (r) I -^ l kl (s)^) k2 {s)dsrdrdt 

OO 







1 —3 

^•( r )^fci( r ) / -^l 2 {s)^ ki {s)dsrdrdt 

J r & 

Here all factors have the appropriate frequency and modulation localization. 

The analysis is similar for all these quadrilinear forms, so we will work with Iq. We switch 
Io to the Fourier space, where it becomes 

Io= [ ^ (r) V> €a (r)^ 3 {r)^{r)rdr^ ki (t, £i) $ k2 (t, £,) $ a (t, 6)?^ (*, £)d£id£dt 

(G xd)(C, £i, 6, (t, £i)5fc 2 (*> &$ s {t, Ods&dt 

where Go is the quadrilinear form on if-generalized eigenfunctions, introduced in Section 4.8, 
and xd is any function which equals 1 in the set D defined in (8.33). Similarly we can write 
7i and I 2 in terms of Gi and G 2 . 

In practice we always restrict the support of xd to the sets described in cases (i), (ii) 
above, and we assume it has good regularity. Hence in the support of xd we can use the 
bounds in Proposition 4.15 for Go, G\ and G 2 . Thus, from (4.55), Go satisfies 

2i (fc 3 ")2" 2fc 3 + 
\J\ 2~f 

and is smooth in (£1,^2, £3) on the 2 fcs scale, and in £ on the 2 J scale. We consider the two 
cases (i) and (ii) described above. 

Case 3B(i). Here |A>l — & 2 |, |fc 2 — /c 3 | < 1 therefore GqXd has symbol regularity in all 
variables. Hence separating the variables it suffices to look at Go of the form 

G = fi f ife 1 fe 2 fe 3 Xfei(£i)Xfc 2 (6)Xfc 3 (6)Xi(0 
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1^0 1 < djkik 



where the Xfc's are smooth normalized dyadic bump functions. Then the quadrilinear integral 
becomes 

/ (Xfci > ^ ) (Xk 2 , V^ 2 ) (Xk 3 , )(Xj, $j ) dt 

Hence using the local energy norm for the first two ^'s, the energy for the last two and (4.11) 
for the inverse FT of bump functions we obtain 

t fc 3 +j-fci-fc 2 < 2 j (k^) 



\Io\ ^ 9ik x k 2 k z 1 



2 



\j\ 2*i 

which easily implies (8.36). Since in this case G\ and G 2 satisfy similar bounds, we also 
obtain (8.36) for Ii and 12- 

Case 3B(ii). Here \k\ — &2I < 1, \ k$ — /c 2 | 3> 1> and the function Gq\d has symbol 
regularity in £3 and £, but only on the 2 ks scale in £1 and £2- Furthermore we can use xd 
to localize it in the region |£i — £2! *C 2 fc3 . Thus we can separate variables and obtain a 
decomposition of Go of the form 

2 fe l~ fe 3 

G (£l,6,6,0 =0jfci*a*a J] Xfci(^)Xfca(6)Xfc3(6)Xj(0 

where xL x ? xL have similar 2 fca sized supports. Using an argument similar to the one in 
Proposition 4.11 we obtain 

\xkM < 2^(1 + 2 fe V)-i(l + 2 k *r)~ N 
At this point a direct computation as in case (i) for the corresponding part I l Q of I gives 

and, after summation with respect to I, 

(8.37) |/„| < * <£> . 

Unfortunately this bound is not strong enough for (8.36) for either I or Ii. The failure of 
this argument is that no orthogonality with respect to / is exploited. However, we remark 
that the bounds for G2 have an extra factor of 2 fc3 ~ fel , which is more than enough to prove 
(8.36) for J 2 . 

To remedy the above difficulty for Iq and I\ we separate the nonlinear expression into 
two parts: one where r is small, which we can estimate directly, and the other one where r 
is large, for which we apply the above computation. Given a threshold m > — k% we split 
I = I™ + J™ where 

POO 

I?= / X>m(r)^(r)<(r)^(r)^(r)r*fi 
Jo 

The contribution J™ of the region A <m is estimated directly via the local energy for the first 
two factors combined with the pointwise bound (4.24) derived from the energy for the last 
two factors: 

(8-38) \J™\ < \\x<Ur)^lMM:M^ < 



2*i 
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-N(m+k 3 ) 

I ~ I -I 2 k3 



For Jq 1 we proceed as in the derivation of (8.37) but with Go replaced by its corresponding 
truncated version Gq which by Proposition 4.15 satisfies a better bound than Go, namely 

\r im \ < 2 J ^ 2 (k 3 ) „jy( m+ fc 3 ) 
' ' ~ \j\ 2**/ 2 

This leads to a similar improvement over (8.37), namely 
(8.39) 

Adding (8.38) and (8.39) gives 

Optimizing with respect to m we obtain (8.36) for I . 

We still need to consider Ii. The bound for 7™ is identical to the one for I™ since (4.58) 
gives the same bounds for G^ and G™. For J] 71 we apply a similar argument but some extra 
care is required due to the presence of the [r<9 r ] -1 operator. Precisely, using the Li and 
LEk 2 norms for the two factors we obtain 

2fel iK^ii i !(A < _ fel) + 2 ^ £ ii^y (Am) <i 

m>ki 

and the norm in the LHS above is preserved by the operator [re?,.]" 1 by (1.15). Then using 
the pointwise bound derived from the energy norm for ipj respectively the L\ norm for i\i\ 3 
we obtain 

2? (m)2( m+fe3 )/ 4 

I 1 I ~ jjj 2(5fci+3fc 3 )/8 

Though slightly weaker than (8.38), this still leads to (8.36) for I\ when combined with 
(8.39) for Jj 71 . The proof of the proposition is complete. 

□ 

9. The bootstrap estimate for the A parameter. 

In this section we show that the Z regularity of the parameter A can be bootstrapped, 
completing the proof of Theorem 8.2. The result in (8.17) is obtained by replacing 7 with 
7 + 7q in the the following Proposition. 

Proposition 9.1. Let T £ (0, 00]. Consider A which satisfies the bound 

(9.1) ||A- l|| mT ] < 1. 

and a function ip satisfying 

(9-2) U\\wsnx][o,T] < 1 < 1 

Then the functions \, a defined by 

(9.3) V 2 (M) =ie ia ®h\ {t \l) 

satisfy the bounds 

(9-4) ||A - l|U [o,T] + ||«IU [o,T] < 7 



Proof. From the fixed time analysis in Proposition 7.3 we have the uniform bound in [0, T] 

11^2(1) - l|L»£»[i,2] £ 7 

which leads to the uniform bound 

||A — l||i<x. + ||a||i<» < 7 
To continue we recall the equation for ip2 from (3.31): 

r 1p 2 = lA 2 1p 

r 

Approximating the second A 2 with h% we rewrite this in the form 

r 

A solution to the homogeneous equation is h\. Then by the same reasoning as in Proposi- 
tion 7.3 we must have 

^j(r) = i\h\{r) + L?(ty + N) 

where the factor A in the first term on the right is dictated by the requirement that i\)% — ih\ G 
X which plays the role of the boundary condition at infinity. Also L^ 1 is the LX — > X inverse 
of L\. For functions / G L 1 (rdr) we have the integral formula 



We will be able to apply this formula for N above, but not for tip. However, in the case of 
iijj there is another computation that allows us to replace L^ 1 by L _1 . Precisely, 

™ - w L " /(r) - XkHr) f («b - hk) mds 

which holds for all / G LX. The integral converges even for all /gl 2 . 
Then we rewrite ip2 in the form 

ih{r) = i\h^{r){l + (^(r))- 1 ^) - B{r)) 

where 

A(r) = B(r) = [°° VO) ( - — ^- J - i^^rds 



\h*(s) h^s) J \h*(s) 
Set r = 1 and recall that ^2(1) = ze' te /^(l). Then we obtain 

e i9 = A(l - A(l) -5(1)) 

Since Zq is an algebra, it suffices to estimate A(l) and B(l) in Zo. For A(l) we will establish 
a linear Z bound, 

(9-5) \\A(1)\\ z[0 ,t\<1 

which is facilitated by the fact that A does not appear in the expression for A. On the other 
hand A does appear in the B expression; however, there this does not matter since for B(l) 
we establish a stronger bound 

(9-6) \\B(i)\y t[m <i 
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using only the pointwise bound for A. Together (9.5) and (9.6) imply (9.4). We consider 
these two bounds separately: 

1. The estimate (9.5) for the linear term. 

By the local energy decay estimate for ip we can replace A(l) with a local average 



A = j A(r)x(r)dr 
where x is a bump function supported near 1 with the normalization 

J x( r )hi(r)dr = 1 
The difference admits good L 2 and L°° bounds, 



\\A(1) - A\\ L ~ < |MU«£a, \\A(l) - A\\ L 2 - 



Hence it remains to show that 



( 9 - 7 ) ||^4|U [0,T] < H^IIWStt[A][0,T] 

Using the Fourier expansion for ip in the H frame, respectively for L~ l %p in the H frame, 
we can represent L~ lr i\) in the form 



zrV(r) = / rV*W(£K 

Then for A we have 

A = [ h(M(Od£, HO = r 1 / Mr)x(r)dr. 



Given the representation of in Section 4, it follows that h is a smooth function in (0, oo) 
which has symbol type regularity, rapid decay at infinity and whose size near £ = is given 
by 

MO « jf^r , e « i- 

The bound (9.2) for ip in the proposition is given in terms of the A frame, which is 
inconvenient as it makes it difficult to track the different modulations. Fortunately, we are 
able to use the bound (6.30) to transfer enough of the VVS"[A] norm to the fixed frame. It 
remains to show that 

(9-8) PIU[o,r] < IMIwsfMpvri 

At this stage we can replace ip by any admissible WS^l] extension to the real line, and show 
that the above bound holds globally in time. 

We decompose ip m frequency with respect to the fixed A = 1 frame, 

^ = y^^fc, ip k = Pk4> 

Correspondingly A = ^2 Ak , where 

A k = (gk,4>k), 9k(0 = Xk(OHC) 
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By Proposition 4.11, the functions satisfy the pointwise bounds 

kMI<^P(i + 2M-"2-- + 

The contribution of high frequencies k > is easily estimated in L°° fl L 2 , 

\\A k \\ L °° < 2- Nk W k \\L-v>, \\A k \\» < 2- Nk \\iJ> k \\ LEk 
It suffices to show that for the low frequencies we have 

(9-9) \\A k \\z< ijulWk, k<0 

On one hand we can use local energy decay to obtain an L 2 bound, 

2~ 2k 

\\Ak\\L^ < -^-\\^k\\LE k 

which suffices at low modulations, 

2~ k 

\\Q<2kA k \\ z < WQ^kAJ^i < 2 k \\A k \\ L 2 < —\\fa\\ LEk . 

On the other hand for high modulations we can use the high modulation component of 
the SI norm: 



||Q>2fc^fc||z < ||Q>2fc-4fc||z < \\gk\\hA\Q>2kiJk\\zL* < 



I A' I 



J k\\S 



k 



This concludes the proof of (9.9) and thus the estimate for A(l). 
2. The estimate (9.6) for the nonlinear term. 

The analysis in this case is identical whether we work in a compact interval or on the real 
line. It suffices to place the integrand in the formula of B(r) in L 2 Ll[l,oo). For the first 
term we note that 

1 1 



Then we can use the local energy bound (6.6): 

!k~V||z?Li([l,oo];<ir) = ||r"V||i?£i(A> ) < U\\lE < |MlwS»[A] ^7 

For the second term in B we need to estimate 

\VN\\ L 2 L i {[1M . dr) = \\N\\ L 2 L i {A>o) 

where 

N = {A 2 -l)il> + -{A 2 -h*)ih 
r 

Since for r > 1 we have \A 2 — 1| < |^2| 2 , for the first term we use the local energy decay 
(6.6) and the uniform in time bounds (4.17) and (4.16) to write 

||(A 2 -1)V|U^ < \\(rr^ 5 n L 4(ry S H\L~L4(r) 2S H\L~> <7 
for some < 5 < \. 
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Finally, for the second term in N we use the local energy decay (7.55) and the uniform in 
time bound (4.17): 

\\{r)- 1 (A 2 - hl)ip 2 \\ L 2 L i < \\{r)^-\A 2 - ^)|| L2 ||(r)^ + ^ 2 || LooL2 < 7 

□ 

Remark 1. It is likely that A actually belongs to Z. However this is not needed in the 
present paper, and proving it would require a much more involved analysis of the nonlinear 
contribution B above. 

10. The bootstrap argument 

In this section we prove Theorem 1.3, i.e. our main global well-posedness result. It is 
convenient to state the result in a more precise form: 

Theorem 10.1. a) Let m = 1 and e < 1,7 < 1. Then for each 1-equivariant initial data 
Uq satisfying 

(10-1) Huo-Qljji <e7, ||«o-0|U<7 

there exists a unique global solution u so that u — Q G C(WL; X) and 

(10-2) \\U-Q\\C(R;X)<1 

Furthermore, this solution has a Lipschitz dependence on the initial data in X , uniformly on 
compact time intervals. 

b) Let -0 be the reduced field associated to the solution u above and (a, A) defined by (7.51). 
Then the following estimates are valid: 

(10.3) \\if>\\ Pst < ey, \\Wil>\\ Pm < e 7 2 , ||A - l|| Zo + ||a|| Zo < 7 

In addition, for any function A satisfying (8.15) we have 

(10-4) MwsHM Z 7, \\W^\\ wm[X] S e(log6)V 

We prove the theorem in two stages. First we use a bootstrap argument establish global 
well-posedness and bounds for regular solutions, i.e. solutions with initial data in Q + H 2 . 
Then we use a density argument to extend this result to initial data in Q + X. 

10.1. Regular solutions, a) Given an initial data u so that u — Qe H 2 , by Theorem 1.1 
we know that there exists a unique short time solution u so that u(t) — Q G C(0, T; H 2 ) for 
some small T. In addition, we assume that uq satisfies (10.1). 

We will use a bootstrap argument to extend the time interval T for which the solution 
exists, with some suitable bounds. We begin by describing the bounds we will bootstrap. 
These are all expressed in terms of the reduced field ip and the soliton parameter A. We 
remark that in view of (1.4), (2.2), and Theorem 7.1(a), the bounds (10.1) imply that the 
initial data ^(0) satisfies 

(io.5) \\m\w<ti, \\m\\Lx<i 

We choose 

7 < 7o = C7 1 
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where C is chosen larger than the constants used in defining < in all estimates in Theorem 
8.2. Suppose we have a solution u as above in some interval [0, T]. With A defined as in 
(3.34), the first bootstrap bound will be 

( 10 - 6 ) II A - ilUo^T] < 7o 

The second bootstrap bound is concerned with the size of ip as an L 2 solution for a Schrodinger 
equation, 

(10.7) IMI PSHflVT] < e 7o 

while the third bootstrap bound keeps track of the norm of ip in WS^A] type spaces, 

( 10 - 8 ) ll^ll^[A][0,T] <70 

for some function A which has the property that 

(10-9) ||A - l||z[o,T] 7o, P - A||(L2nL°°)[o,T] < 7o 

We denote by 

A = { T > 0; the Schrodinger map equation (1.1) admits a solution u G C(0,T ; H 2 (R 2 )) 
so that its reduced field ip and soliton parameter A satisfy (10.6), (10.7) and (10.8) 
for all T < T } 

Our goal is to prove that A = [0, oo). Once this is done, it follows that we have a global 
solution satisfying (10.6), (10.7) and (10.8). The bounds on Wip and W^ip in (10.3), re- 
spectively (10.4) follow from Propositions 8.3, 8.4,8.5. The estimate of (10.2) follows from 
Theorem 7.1(b); this is where the qualitative property u — Q G L 2 is is used in order to 
uniquely identify u as the map associated to ip via Theorem 7.1(b). 

By definition A is an interval containing 0. Thus it suffices to prove the following two 
properties: 

(i) A is open in [0, oo). 

(ii) A is closed in [0, oo). 

(i) A is open. Let To G A. Then u(Tq) — Q G H 2 , therefore by Theorem 1.1 we have a 
local solution u-Q G C([T ,T + S ];H 2 ). From (10.6), (10.7) and (10.8) at T , applying 
Theorem 8.2, we obtain the bounds 

(10.10) ||A - 1|Uo[o,t ] < 7 + 76% ll^||/2s»[o,To] ^ e(7 + 7o), IMIwsr»[A][o,2b] < 7 + 7o 

which are stronger since 7 < 70 < 1. It remains to show that the above norms cannot 
grow much when replacing To by To + 5 with small S. From the first norm we obtain 
I A (T ) — 1| < 7 + 7q- Since A is a continuous function of time, it follows that for small S we 
have 

||1[T ,T +5](A - l)||L2nL°° < 7 + 7o 

This concludes the bootstrap for (10.6). 

Next we consider the second norm in (10.10). For this we use the equation (8.1) for ip. 
The linear part is well-posed in L 2 , therefore it suffices to obtain a good bound for Wip in 
[To, T + 5], 
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where, here and below, the implicit constant is allowed to depend on the uniform H 2 bound 
for u — Q in [To, To + 8q\. Indeed, from this and the result of Theorem 8.2, we obtain 

IHI*2 5 »[o,T +<5] ~ 11^(0)11^ + ||l[0,T ]W^llz27VS + II lpb^+flW^llrw < ( 7 + 7 2 )e + 5 

Similarly, for the third norm in (10.10) we use the equation (8.11) for ip. The linear part is 
well-posed in LX, therefore it suffices to obtain a good bound for W-^ip i n Po,T + 5], 

\\W~ x iI>\\li(it ,t +6] ; lx) < ^ 

with respect to a new 2 function A associated to A on the interval [0,T + 5]. Indeed, in view 
of the result in Theorem 8.2 and (6.29), 

IMIwSit[A][0,T +5] ~ \\M\LX + \\Mo,Tb] W &\\wN*[\] + II 1 [To,T +«5] W^j) || 

< (7 + To) + <^ 

By choosing 5 small enough, we can then use the result of part b) in Theorem 8.2 to bootstrap 
the bounds above and claim the last two bounds in (10.10) for To + 5. 
Using also the embedding (4.25), it suffices to show the fixed time bound 

(10-11) \\W*l>\\v < 1, ||W^|Uin^ < 1 

For this we use the H 2 regularity for u — Q and its consequences in Corollary 3.4. By 
Theorem 1.1, this regularity persists up to time T and also for a short time past T . We 
consider each term in W or W^. For the cubic term we simply use Sobolev embeddings to 
get H^llz^nL 00 ^ 1- F° r the ip2 term we use the same, plus the L 2 bound for tjj^/r. Finally, 
we split the SA 2 term into two. For large r we have the r~ 2 decay factor so we only need to 
use the pointwise boundedness of 5A 2 . However, for small r we need to cancel that factor. 
This is easily done since for r 1 we have 

|<L4 2 | < r 2 + |^ 2 | 2 < r 2 + M 2 + H 2 < r 2 

where in the last step we have used Sobolev embeddings for u\ and u 2 , which vanish at the 
origin. 

(ii) A is closed. Suppose that (10.6), (10.7) and (10.8) hold for all T < T . Then we 
have a Schrodinger map u — Q G C([0, To); H 2 ). Passing to the limit in (10.6) we obtain 
(10.6) for T = To. In particular this shows that A stays close to 1 up to T = To. Then, by 
Theorem 1.1, it follows that the H 2 bounds persist up to (and beyond) T = T . Once we 
have u — Q G C([0, T ]; H 2 ) we repeat the above argument using Theorem 8.2 in [0,T — 5} 
and then the bounds (10.11) in [T — 5, T] with small 5 > in order to prove (10.7) and (10.8) 
for T = T . 

b) The linear bounds in (10.3) and (10.4) have been established above and the nonlinear 
bounds follow from (8.18), (8.20) and (8.21). 



2 The exact choice of A does not matter here; to fix things one could simply take A — 1+<3<i(1[o.t+(5] (A— 1)). 
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10.2. Rough solutions. Given an initial data uq which satisfies 

||«o-QIU<7, 

we approximate it in the above topologies with a sequence of more regular initial data 
Uq G Q + H 2 . Such approximations can be obtained for instance by removing both the low 
and the high frequencies in the H frame, 

4 n) = n §2 (Q + P^ n] (« -Q)) 

where Il§2 represents the radial projection onto the sphere. Since the projections Pp_ n „i («o ~ 

Q) stay pointwise small, the convergence of to u in Q + X follows from the algebra 
property of X and the bound (4.27) in Proposition 4.6. 

According to the previous step in the proof, for the initial data we obtain global 
solutions with — Q E C(M;X), so that the bounds (10.10) hold uniformly for the 
corresponding functions A^ and In particular we have a uniform bound 

(10.12) ||^ (b) ||l~lx <7 

By the first part of Theorem 7.1, the X convergence of to u implies that i/j^ converges 
to ipo in LX. By the short time result in Theorem 8.1, it follows that the sequence ip^ 
converges in WS"[1][0, 1] to some solution ip to (8.1) with initial data ipo. In view of the 
uniform bound (10.12) we can reiterate and obtain a global solution ifi to (8.1), so that for 
all T > 

^ in WS*[l][0,T] 

Furthermore, tp satisfies (10.10) globally in time. We note however that above we do not 
obtain uniform convergence with respect to T. 

Finally, given if; we apply the second part of Theorem 7. 1 to construct a global Schrodinger 
map u so that 

u {n) -Q^u-Q in L°°X 
The local in time Lipschitz dependence of the solution u in Q + L°°X on the initial data 
uq G Q + X follows also by iterated application of Theorem 8.1, with the transition back 
and forth between u and ip done via Theorem 7.1. 

11. The H 1 instability result 

In this section we prove the instability result in Theorem 1.4. Let e, 7 1 and «o, Ao as in 

(1.10) , i.e. so that \ato\ + |Ao — 1| ~ 7. We interpret e as a frequency parameter, and choose 
the initial data u so that u takes values in the (i, k) plane and 

{Qa ,A (^), r<^e~ l 
Q(r), r > e- 1 
with a smooth transition on the e _1 scale between the two regions, so that 
(11.1) \r(rd r ) a (u -Q)\ < a7 , r « e" 1 and a > 1. 

Using this and the form of the energy from (1.3), a direct computation shows that the bound 

(1.11) holds, 

||«0 -Qao.Aoll.ffi < e 7- 
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To study the evolution of u we switch to the ip variable. From the above information we 
characterize -0 at time t = 0. The construction of the Coulomb gauge associated to w(0) is 
trivial in this case. Since u stays in the (i, k) plane and v(oo) = k, from the form of the 
ODE (3.15) it follows that v stays in the same plane. This implies that 

w(r) = j, v{r) = u{r) x j 

Recalling that 

ip{0) = d r u ■ v + id r u ■ w 
and using the above characterizations for u, v, w we obtain the following characterization for 

0(0) =0, r < e _1 and r > 

\r 2 {rd r ) a ^\ < a 7, r w e" 1 

In other words, ^(0) is a bump of size 7e 2 localized in the annulus r w e -1 . Hence it satisfies 
the L 2 bound 

(11.2) 11^(0)11^ <7c 

Using the above estimates on ip and the characterization of the ip^{r) from section 4.2, it 
also follows that the Fourier transform of ip satisfies 

(11.3) |(^r^(0,OI <«,N J^tHte- 1 )-" , a,NEN 

which directly leads to an LX bound 

(11.4) \M0)\\lx<1 

This places us in the framework of the rest of the paper. Precisely, we obtain a global 
solution u as in Theorem 10.1, which also satisfies the bounds (10.3), (10.4). 
By (3.37), the desired bound (1.12) would follow from the estimate 

(11-5) |^ 2 (l,t)-^| < 7 |loge|- 1 |*| >* 

We will in effect prove a stronger bound 

(11.6) IhM^-iMjjt < Tlloge]- 1 |*| > to 

By Theorem 10.1, we propagate the bounds (11.2) and (11.4) along the flow: 

(n-7) \m)\w<ie, \m)\\Lx<i 

By (10.4) we have a good 3 bound for the nonlinearity in the ip equation, 
(H-8) ||(za t -^|U s ^ ] <7|log6|- 1 

where A is as in (8.15). This shows that we can approximate ip in LX by the solution to 
the corresponding linear equation, with 7|loge| _1 errors. Then, by Proposition 6.7, we can 
compare solutions to the linear H equation with solutions to the linear H~ x equation, 

(11.9) ||^(t)-e^(0)|Ux<7|loge|- 1 

Thus by Proposition 7.3 it suffices to look at ip(t) = e ltH i()(0) and show that the corresponding 
ip 2 associated to it satisfies (11.6). 



3 We actually get a stronger je\ loge| 2 bound here. 
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From (7.20) it follows that 

(ii-io) !hM*)-^i||^< WL-'mw^ 

Denoting g(t) = L -1 ^>(£), we will prove that 

logeL 



11.11 



u 1 



< 



7(e + 



log* | 



Together with (11.10) this establishes (11.6) and concludes the proof of the theorem. There- 
fore we are left with proving (11.11). 

The function g has the Fourier expansion 



g(r,t) 



where ipo = V'(O)- We denote by gk,ipk the dyadic pieces of g respectively if) in the H, 
respectively H calculus. We have the following 



Lemma 11.1. Let q be as in (4.1). Then we have 



11.12) 



\9k\\Hi 



< 



\mt)\\ 



Proof. For g k we have the straightforward L 2 relations 



L - ■ 



)9k{t)\y = \\lf) k (t)\\ L 2 



\\g k {t)\\L*<^ k \\i> k { 

V 

Combining them we obtain 

||Xr>2-*yjfc(*)ll ji ^ ll^fcWIU 2 

It remains to estimate the part of g k in the region {r < 2~ fc }. We consider the more 
difficult case k < 0. A similar but simpler argument applies in the case k > 0. In the above 
region we use (4.1) to obtain: 



respectively 



9k{r, t) 



d r gk(r) 



rM0^4(£,*)(/H + 0(£Vlogr)K 



rW)^^,^i+o(e 2 iogrM 



The O term in both formulas admits the same bound as before. The contribution of the 
principal part corresponds to the second term on the right-hand side of (11.12). □ 

Applying the above lemma gives 

k k J 

The first term is easily estimated by 7e using (11.3). For the integrals we use stationary 
phase together with (4.3) and (11.3) to obtain 



i 



£ 2 log£ 
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lne| 

w 



(2 k e-y N (l + 2 2k \t\) 



2k I 



-A 1 



Hence for large t we obtain the bound 
which concludes the proof of (11.11). 
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